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Foreword 


It is often said that scientific texts quickly become obsolete. 
Why are the Pauli lectures brought to the public today, when 
some of them were given as long as twenty years ago? The 
reason is simple: Pauli’s way of presenting physics is never 
out of date. His famous article on the foundations of quantum 
mechanics appeared in 1933 in the German encyclopedia 
Handbuch der Physik. Twenty-five years later it reappeared 
practically unchanged in a new edition, whereas most other 
contributions to this encyclopedia had to be completely re- 
written. The reason for this remarkable fact lies in Pauli’s 
style, which is commensurate to the greatness of its subject 
in its clarity and impact. Style in scientific writing is a quality 
that today is on the point of vanishing. The pressure of fast 
publication is so great that people rush into print with hur- 
riedly written papers and books that show little concern for 
careful formulation of ideas. Mathematical and instrumental 
techniques have become complicated and difficult; today most 
of the effort of writing and learning is devoted to the acquisi- 
tion of these techniques instead of insight into important 
concepts. Essential ideas of physics are often lost in the dense 
forest of mathematical reasoning. This situation need not be 
so. Pauli’s lectures show how physical ideas can be presented 
clearly and in good mathematical form, without being hidden 
in formalistic expertise. 

Pauli was not an accomplished lecturer in the technical sense 


vil 


viii FOREWORD 
of the word. It was often difficult to follow his courses. But 
when the sequence of his thoughts and the structure of his 
logic become apparent, the attentive follower is left with a new 
and deeper knowledge of essential concepts and with a clearer 
insight into the splendid architecture of reason, which is theo- 
retical physics. The value of the lecture notes is not diminished 
by the fact that they were written not by him but by some of 
his collaborators. They bear the mark of the master in their 
conceptual structure and their mathematical rigidity. Only 
here and there does one miss words and comments of the mas- 
ter. Neither does one notice the passing of time in his lectures, 
with the sole exception of the lectures on field quantization, 
in which some concepts are formulated in a way that may 
appear old-fashioned to some today. But even these lectures 
should be of use to modern students because of their compact- 
ness and their direct approach to the central problems. 

May this volume serve as an example of how the concepts of 
theoretical physics were conceived and taught by one of the 
great men who created them. 


Victor F, Weisskopf 


Cambridge, Massachusetts 


Preface 


This is a conventional course on phenomenological thermo- 
dynamics. As Pauli says in the introduction, time does not 
appear as variable in this framework, except for its direction. 
Hence the subject is limited to the equilibrium theory (statics) , 
and irreversible thermodynamics is not discussed. But this con- 
ventional subject is treated by Pauli in the same inductive way 
as the lectures on electrodynamics in this series, with the em- 
phasis given to the historic development and the logical struc- 
ture of the theory. It is for this reason that Pauli goes through 
the labor of Carnot cycles and van’t Hoff boxes. The axiomatic 
formulation is only given as an illustration. 

Occasionally Pauli’s critical mind was stirred by his lecturing 
even on an established subject like this. So in the last year of 
his life, he sat back to think about a better formulation of 
chemical reactions and, as mentioned in the appendix, a paper 
grew out of this occupation with his course. This paper was 
included in the second German edition, published in 1958, on 
which this English translation is based. This edition was an 
improved version of notes worked out by a student, E. Jucker, 
and published in 1952. 

Since Pauli taught this course at ETH in Zurich, equilibrium 
thermodynamics has again become an active field of research. 
Indeed, phase transitions are described today by scaling laws, 
exhibiting the typical singularities of the thermodynamic quan- 
tities. This fascinating new field is beautifully described in a 
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very recent book by H. E. Stanley, Introduction to Phase Tran- 
sitions and Critical Phenomena (Oxford University Press, New 
York, 1971). Furthermore, new techniques such as Raman 
scattering are applied to investigate thermodynamic systems, 
and new types of substances such as liquid crystals have become 
important. Therefore a solid basis of thermodynamics as given 
in these lectures is again more important today than at Pauli’s 
time. 

The last chapter, on kinetic theory of gases, is logically dis- 
connected from the rest of the course. It actually belongs to the 
first chapter of the lectures on statistical mechanics in this 
series. The split in Pauli’s lectures corresponds to the interrup- 
tion between terms. 

Although the editing of this course did not pose particular 
problems, the work of the translators deserves special acknowl- 
edgment. 


Charles P. Enz 


Geneva, 18 November 1971 


Pauli Lectures on Physics: 
Thermodynamics and the Kinetic Theory of Gases 


Chapter 1. Basic Concepts and the First Law 


Classical thermodynamics foregoes detailed pictures and, 
therefore, makes only general statements concerning the 
energetics of heat transfer. It limits itself to states of equi- 
librium and to very slowly occurring processes. No quan- 
tity with the dimension of time appears in thermodynamics; 
at the most, time enters via the concepts of ‘‘before’’? and 
“‘after.”? Therefore, in the case of rapidly occurring pro- 
cesses, only initial and final states are discussed. In thermo- 
dynamics no considerations concerning the nature of heat 
are made. This problem is first dealt with in the kinetic 
theory of gases. 


1. THERMODYNAMIC VARIABLES 


Definition: Thermodynamic variables are measurable mac- 
roscopic quantities which characterize a system. 


Examples: Pressure p, volume V, surface tension oa, sur- 
face area A, stress tensor S,,, strain tensor 1,,, magnetiza- 
tion M, magnetic field intensity H, concentration c, num- 
ber of moles n. 


2. CONCEPT OF TEMPERATURE 


The temperature ¢ of a system must first be defined. 
Experiment shows that if a system is closed, then heat is 
exchanged within the system until a stable thermal state is 
reached; this state is known as thermodynamic equilibrium. 


1 
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Heat exchange through a heat-conducting connection makes 
thermodynamic equilibrium between two systems possible. 
Thus, we may say that two systems have the same temper- 
ature if they are in thermodynamic equilibrium (with one 
another). 

A system in thermodynamic equilibrium possesses one less 
degree of freedom [A-1].1 There exists a relation [A-2] 


P(L1y oy Vey -00yLny Yry Yoy Yay -++y Yn) = COnStant , 


where «#, and y, are the thermodynamic variables that 
characterize the system. In the simplest case of a homo- 
geneous system this relation is 


f(p, V) = constant . 


If one variable in the above relation is held fixed, then the 
other variable is an arbitrary measure of temperature. For 
example, one such measure is the volume of a fixed amount 
of material at a fixed pressure. Since the variation of 
volume with temperature is different for different substan- 
ces, temperature is not defined absolutely by volume at 
constant pressure. The exact thermodynamic definition of 
the temperature scale is not possible without the second law 
of thermodynamics. Nevertheless, our tentative definition 
always allows the determination of whether one tempera- 
ture is larger or smaller than another: Normal substances 
expand with increasing temperature. However, there exist 
anomalous substances (for example, water between 0° and 
4 °C), but these can be recognized as such by means of the 
following experiment. Two samples of a substance, A and B, 
which do not have the same temperature, are brought into 
thermal contact. During the subsequent heat exchange the 
samples experience volume changes AV, and AV,, respec- 
tively. For normal substances we always have AV,AV,< 0, 
but for anomalous subtances the initial conditions can be so 


1 Comments [A-1]-[A-13] appear in the appendix on pp. 130-132. 
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chosen that AV,AV,>0. Steady-state heat conduction 
(refer to Section 3) offers a further possibility for deciding 
which of two temperatures is larger. By such means we ob- 
tain a monotonic temperature scale; that is, if t;>¢t, and we 
introduce a new scale through a monotonic transformation 
t zeit), Selon, also for the new temperatures [A-3]. 


3. QUANTITY OF HEAT 


Experimentally we find that there exist equilibria between 
the phases of a substance: 


liquid = gas, 
liquid = solid, 


solid wz gas. 


In order to change the equilibrium between two phases, 
heat must be added or taken away; this heat is called the 
heat of transformation (e.g., heat. of vaporization or heat of 
fusion). Temperature and pressure remain constant during 
the change. We ean use the heat of transformation in 
defining quantity of heat (at constant temperature). 


Definition: In order to change the phase of n grams of a 
substance, n times more heat is required than is needed to 
change the phase of 1 gram. (Heat of transformation is 
proportional to the amount of material.) 


This definition is independent of the determination of the 
temperature scale, since the heat of transformation is added 
or subtracted at constant temperature. 

For the comparison of quantities of heat at different tem- 
peratures, we use the process of steady-state heat conduc- 
tion, in which two heat reservoirs with temperatures ¢, 
and ¢, (t;>1t,) are connected by a heat conductor. 


Definition: The quantity of heat Q, given up by reservoir 1 
equals the quantity of heat Q, absorbed by reservoir 2. 
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The quantities Y, and Q, can also be heats of transforma- 
tion, which then allows a direct comparison with the quan- 
tities of heat defined at constant temperature. A monotonic 
transformation of the temperature scale does not alter this 
definition either. 

Historically, quantity of heat was defined by a mixing 
process. We mix two quantities of a substance, of masses 
m, and m, and temperatures ¢, and #, (¢;<t,), and obtain 
a mixture of mass m,+m, and temperature ¢,. Equating 
the heat absorbed to the heat given up, we obtain 


Q = cm, (t,—t,) = em,(t,—ts) , 


where c¢ is the specific heat of the substance. From this 
it follows that 
_ Mbt Met, 


ts 
mM,-+ M, 


This formula is not invariant under the allowable transfor- 
mations of the temperature scale. Likewise, the value of t, 
depends on whether p or V was held constant during the 
mixing. The above formula is correct only for sufficiently 
small temperature differences. If we set t,=t,+dét and 
t,=t,+dt,, we obtain 

c(m,+ m,) dt = em, dt, 


or 


m 
dt = Sls 
Mm, Ms, 


An accurate definition of quantity of heat would then be 
t ea 
Q= m| c(t) a= mfee)ar ; 
0 0 


since c, in general, depends on the temperature t. How- 
ever, this definition of quantity of heat is very incon- 
venient. Since we already have defined quantity of heat, 
we can define ¢ as the specific heat in the following way: 


5Q = medt = me’ at’. 
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Of course, the specific heat ¢ depends on the definition of 
the temperature scale. 


4. FIRST LAW OF THERMODYNAMICS 


The first law gives the connection between heat and other 
forms of energy. We define mechanical work as work done 
by a system. It can always be reduced to the raising and 
lowering of weights. 


Examples : 

(a) If a homogeneous system is specified by the varia- 
bles p and V (pressure and volume), then the work done 
by the system during a change of state is 


(6) For a system specified by the surface tension o and 
surface area A, the work done by the system during a 
change of state is 

SW =—odA. 

(c) Analogously, if a system is characterized by the mag- 
netization M and magnetic field intensity H, the work done 
by the system during a change of state is 

on = Mail. 


Mechanical work is considered positive if done by the system 
when there is a positive change of state (that is, a positive 
change of the variables). The quantities p, o, and M are 
called intensive quantities (y;) because they occur as factors 
in the expressions for mechanical work. The quantities 
V, A, and H are called extensive quantities (x,;), because 
they occur as differentials. In general, mechanical work can 
be expressed as [A-2] 


n~-1 
OW = ey ag, ss5 Cn) AM, 
k=1 
or 


Wt = Yr, Ty, .-.5 Tel; Yn=O. 
1 
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Heat can be absorbed or released by a system without 
the occurrence of a mechanical displacement in reaction to 
a force. We consider 8@ positive if heat is absorbed by 
the system. 

The difference between heat and work cannot always be 
uniquely specified. It is assumed that there are cases, 
involving ideal processes, in which the two can be strictly 
distinguished from one another. 


The First Law of Thermodynamics: If a system is taken 
from a state 1 to a state 2, then the sum of the heat added 
to the system and the work done on the system is inde- 
pendent of the path which leads from 1 to 2. That is, 

J > 38Q—> 5W = fl, 2), 

(1-2) (12) 
where J is the mechanical equivalent of heat and depends on 
the system of units. (In egs units, J= 4.186 x 10’ erg/cal.)? 
Henceforth, heat energy will always be measured in units 
of mechanical work so that J can be omitted. Thus, we 
may write 


Y3Q—F 3W=f(1,2). 


(12) (1—>2) 


By choosing an arbitrary state o as the initial state, we 
can define the internal energy HE, of a state n as 


y30—-YSw=—F,. 


(0—>n) (O—>n) 


Because of the arbitrary choice of the initial state, the 
internal energy is determined only to within a constant. 
The first law can now be written in the following form: 


B,— BE, = 5 380— 5 3W. 


(12) (12) 


Using the internal energy F,, we can formulate the first 


2 Translator’s Note: In the German edition, this value is incorrectly given 
as 4,136x10? erg/cal. 
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law more briefly by saying that Z, is a function of state 
(that is, it is path independent). For a cyclic process (iden- 
tical initial and final states) we have 

sg—>SW=0. 

(ll) (1-1) 

This equation states that during a cyclic process heat can 
only be transformed into work or vice versa. This is equiv- 
alent to the assertion that no cycling machine exists which 
produces heat energy or work from nothing, and it is a 
statement of the impossibility of constructing a perpetual 
motion machine of the first kind. 


5. THERMODYNAMIC CHANGES OF STATE 


A distinction is made between quasi-static (slowly occur- 
ring) and rapidly occurring changes of state on the one 
hand and between isothermal, isoenergetic, and adiabatic 
changes of state on the other. 


a. Quasi-static 
Not only is the result of the change of state reversi- 
ble, but so also is each individual step. 


Example: Gas in volume JV, is infinitely slowly com- 
pressed to volume V,. The gas and container are in an 


Heat reservoir at 
temperature ¢” 


Figure 5.1 
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infinitely large heat reservoir, so that the temperature re- 
mains constant (isothermal change of state). There is no 
change other than that work is done on the system. This 
process can occur equally well in reverse, in that the gas 
is expanded infinitely slowly from V, to V,. 


b. Rapidly occurring 


These changes of state are controllable only if the system 
is closed with respect to its surroundings. 


Example: A gas contained in volume JV, is allowed to 
flow into an evacuated volume V,, so that both V, and JV, 


Figure 5.2 


are filled with gas. This process occurs very rapidly and 
is not reversible. 


1. Isothermal: During the change of state, the tempera- 
ture ¢ is constant (dé—0). 


2. Isoenergetic: During changes of state, the internal en- 
ergy LE stays constant; that is, changes of state of 
completely closed systems are isoenergetic (dH = 0). 


3. Adiabatic: During the change of state, no addition or 
removal of heat takes place; that is, the system is 
isolated by adiabatic walls (walls which do not con- 
duct heat) ($Q@=0). 


It should be noted that the equations dH = 6Q— 8W and 
SW=> y,da, are well defined only for slow changes of state. 


k 
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6. MATHEMATICAL FORMULATION OF THE FIRST LAW 


In order that the expression > y,(2,,%,...,U,) da, be the 


k 


exact differential df of a function f(x,, 7,,..., 2,), it is nec- 
essary that 

OY: OY; . 

On, ea (Gye... 1)! 


These conditions follow from the following relations: 


Of Oye O*f Of _ oy 


On, 


se ond On, 00,00, O”,00; Ox,” 


On the other hand, Stokes’ theorem states that 


OY: OY m 
iP: te 7 a dary xiang p » Yr AD, « 


If the conditions required above are fulfilled, then 


bv dz=0. 


2 
This means that the integral \ dy.dx, is path independent. 
1k 


Therefore, there exists a function f(%,, %,,...,@,) which is 
determined to within a constant, and whose exact differ- 
ential is the expression df= > y,da,. The required condi- 
tions are also sufficient. * 

Pfaff has shown that a differential form 2 Ye dz, can 
always be transformed to the normal form "Sx, ax, _ 


v=1 
+kdXamti1, Where 2m<n (n even) or 2m+1<n (n odd). 
If the number of variables ” is even, then the term GY an4, 
is absent (k =0). If 2m<n (n even) or if 2m+1<n (n odd), 
then the system is degenerate. If we have a differential 
form 3h=y,dz,+y,dx, with only two variables and 


(a) if 3h is an exact differential, then the normal form is 


w= dX; 
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(b) if Sh is not an exact differential, then we obtain 


oh ft dx, + Y dx, = 
x, x; “a 


oh= y, 02, + y2,dx,= X,dX, OX 
Thus, 3h/X,—dX, is an exact differential, which means 
that 1/X, is an integrating factor. Therefore, for a differ- 
ential form with only two variables, there always exists 
an integrating factor. 

In general, 8Q and SW are not exact differentials. On the 
other hand, 69—dsW=dE (differential of the internal en- 
ergy) is, according to the first law, an exact differential. 
This is the same as saying that H#, is a function of state. 
As a consequence of the first law, all influences on a thermo- 
dynamic system can be reduced to the raising and low- 
ering of weights and to the addition and removal of heat. 


7. APPLICATIONS OF THE FIRST LAW 


a. Definition of an ideal gas 
An ideal gas is defined by the following three properties: 
1 The internal energy H(V,¢t) is independent of the vol- 
ume V; that is, 


oy 
E(V,t)= H(t) or (sr), =0. 


2 The isotherms are 
pV=constant (Law of Boyle and Mariotte). [7.1] 
3 With a suitable temperature scale, 
V,=V(1+ at), [7.2] 


where « is the same for all ideal gases. Therefore, with 
the help of the ideal gases, a new temperature scale can 
be introduced. It is, however, determined only to within 
a linear’ transformation. In the following we shall 
assume that such a gas scale has been introduced, for 
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example, the Celsius scale («= 1/273°). Combining 2 
and 3 we obtain [A-4]: 


3’. pV=p,V f(t), where f(t) is the same function for all 
gases: f(t)=-1-+at. If we set 1/a +t=1' (ealled the ‘“ab- 
solute temperature’’), then [7.2] simplifies to V,= V,«T 
and we obtain 

PiVi= PoVoaT . es 


It is useful to introduce the following quantities: 


mass 


density: (= Volinie ; 


mass 


mole number: n= — —- 
mass of one mole 


mass of one mole 
molal volume: »v = —— ee 
density 


Since p,V,« is independent of temperature, pressure, and 
volume and only depends on the quantity of material, 
we may set p,.V,«= Rn; and since V,=—nv, we obtain 


PiVi= pmo = p, Vial = RaT , [7.4] 
or 
pv= RT (per mole) . [7.5] 


R is independent of the nature of the ideal gas and, in 
egs units, R= 8.31 x10’ erg/degree. The above formula is 
equivalent to Avogadro’s law which states that the molal 
volumes of all gases at the same pressure and temperature 
are equal. Historically, this law led to the differentiation 
between atoms and molecules. 

We cannot say how much a gas must be rarefied for it 
to be ideal. However, we can determine whether the gas 
is ideal with Joule’s free-expansion experiment. The gas 
is allowed to stream into a vacuum and the temperature is 
measured before and after the experiment. The entire sys- 
tem must be completely isolated against energy transfer 
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with the surroundings: #,=£,. If T,=—T7,, then it must 
also be that (OH/0V),=90; that is, we have an ideal gas. 


Vacuum 
ae 


Vipul jd Hdl 


Wf 


Gas 
Sg, 


Figure 7.1 


b. Specific heats 


1. Arbitrary homogeneous substances. According to Sec- 
tion 3, the specific heat is calculated from [A-5] 
8Q 
a 
Depending on whether p or V is held constant, we distin- 
guish between c, and c¢,, that is, the specific heat at con- 
stant pressure and that at constant volume, respectively. 
From the first law it follows that 


_ (3Q)r__ (OE 
Cn ar al [7.6] 
for c,, and 
(80), (oF OV 
«= “an = (0), + (Sr), ie 


for c,. If we substitute the expression 


(s2),~(éx), + (er), (sa), 
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into Eq. [7.7], we obtain 


°+(57),\la), 


This formula can be simplified with the aid of the second 
law. If H(p, T) and V(p, T) are given, then 


ote FY 
ap = (7) ap ate) aT, 
dv = (— dp + aT 
mp), (an 
and 


8Q = dE -+ padV 


OH OV Cid; oV 
a ie — ian jan a el 7% (sr), dis 


which gives the formula 
+0(S 
T I Op ), 


2. Ideal gases. Sinee for ideal gases (OF/¢3"),—0, it 


follows that 
oF = . > 
OT), \er/, dr ”’ 


and because pV= RnT, it follows that 


C,— Cy = 


OB 


80 = 0, dT + (s] 


dp . [7.8] 


OV Rn 
Cy— Cr = P\ ar “= ara 
Per mole, 
C,—Cy= FR. 


But ¢, can be well determined experimentally and, from the 
speed of sound, so can x=¢,/c,.2 From these values we 
obtain 

R= 1.985 cal/degree ~ 2 cal/degree , 


* See p. 15. 
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which, combined with the previously given value of R, 
determines the mechanical equivalent of heat as 


J = 4.19 x10’ erg/cal.4 


. 


For isothermal changes of state of ideal gases (d7=0), 
since these changes are also isoenergetic (dH = 0), we have 


oo 0, -[oav =fan'y — Rr oe 


For adiabatic changes of state of ideal gases (8Q=0), we 
have 


V 
d#H+pdV=c,dT+pdV=0 or ee 
Vv 
From pV= RT it follows that 
R 
padV+ Vdp= RaT=—~ pav 
Lie 
or 
R 
pav (1+) + Vdp= 0, 
v 
which can be written as 
dV dp 
aa ; [7.9] 


This differential equation has the solution 
pV* = constant 


(adiabatic equation of state of an ideal gas). 
Since the propagation of sound in a gas consists of adia- 
batic compressions and rarefactions, x appears in the speed 


‘Translator’s Note: In the German edition, this value is incorrectly given 
as 4,15x10’ erg/cal. 
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of sound. The equation for the speed of sound is 


w= (2) ae 
doj. MW \do),," 


(M =molar weight, «=speed of sound). 
From pV”“= constant, the following formulas can be de- 
rived: 


wien? does v 
p®V2= constant , i T#*=constant, T#V=constant, 
and 


on, 
= v0 , 
“ (er ). \ 
which also follows from Eq. [7.9]. 


c. Equilibrium between two phases 

Abbreviations: g = gaseous state, !=lquid state. 

Along the equilibrium curve p=p(T), we know from 
experiment that arbitrary relative amounts of each of 
two phases can coexist. In equilibrium, p= p,=p, and 
T=T,=T,. 

According to the first law, the value of the heat of trans- 
formation (heat of vaporization) is given by 


A= AQ = (E,— E,) + p(V.— Vi), 


where the first term is the difference in energy between 
the gaseous and liquid phases and the second term is the 
work done during vaporization. 

The change dA in the heat of transformationalong the 
vaporization curve p(7) amounts to 


dj = (dE + paV),— (dE + pdV),+ (V,— Vi)dp. 
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On the other hand, for the heat added along the vaporiza- 
tion curve, we may write 


If we substitute this in Eq. [7.8] we obtain 


~ ®™ WOp}e ” ? \Op Jel at 
and 
da = (¢,— €,) dT + (V,— V;) char 
or 
Ye eae dp 
aT = (¢,—¢:) + (V,— V;) aT: 


Formally, we obtain the same relations in the case of 
melting. 


Chapter 2. The Second Law 


The second law distinguishes heat from the other forms 
of energy. It indicates a direction in time and makes ap- 
parent that heat is a disordered form of energy. 


8. FORMULATIONS OF THE SECOND LAW 


a. Clausius 


There does not exist a device which, working in a cycle, 
permits heat to be transferred from a reservoir at one tem- 
perature to one at a higher temperature without compensa- 
ting changes (that is, unless at the same time mechanical 
work is done, or energy is supplied from the surroundings 
by some other means). 


The inverse of the process considered in Clausius’s for- 
mulation is possible The existence of heat-conducting con- 
nections proves this. Clausius says that heat conduction is 
an irreversible process. 

The term “‘irreversible” can be defined by means of the 
above formulation or by the following statement: A process 
is called irreversible if the initial state cannot be reached 
from the final state without work being done or other 
changes occurring (that is, without compensation). 

A quasi-static process is always reversible. 


b. Thomson 


There does not exist a device which, working in a cycle, 
permits heat to be removed from a body and transformed 


17 
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into work unless other changes result (at least in other 
bodies). 


The inverse of this process is again possible, as internal 
friction demonstrates. Thomson says that internal friction 
is an irreversible process. This formulation states that there 
exists no device which can transform heat into work without 
compensating changes; that is, a perpetual motion machine 
of the second kind does not exist. 


9. QUANTITATIVE PREDICTIONS OF THE SECOND LAW 


a. The Carnot cycle 


The Carnot cycle is a quasi-static (infinitely slow) process. 
It consists of two adiabatic processes (6Q = 0) and two iso- 
thermal processes (dt=0). Since quasi-static processes are 
reversible, therefore the Carnot cycle is also reversible. 

Isotherms are curves along which the temperature is 
constant. They are obtained from isothermal] changes of 
state. Adiabatic curves are obtained from adiabatic changes 
of state. Along adiabatic curves heat is neither added nor 
taken away; therefore, 52 =0. 


Figure 9.1 
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The Carnot cycle proceeds as follows: By an isothermal 
change of state (that is, along the isotherm ?¢,), we bring 
the given substance from the state (J’,,¢,) to the state 
(V,,¢,), during which the amount of heat Y, is added. Then 
we bring the substance to the state (V’,, f,) by an adiabatic 
change of state (along the adiabatic curve). Continuing, 
we remove the amount of heat Q, by proceeding along the 
isotherm ¢, until we reach the state (V;,¢,). From there 
we return to the initial state (V’,, t,) by an adiabatic change 
of state. Work is done during all four changes of state. 
According to the first law, 


0:—9.=W.+ W.4+ W34+ W= W. 


We distinguish between the following two cases: 

1. Q,:> Q.: More heat is added than taken away, whereby the 
system does work. During the cycle, heat is thereby con- 
verted into work, in the course of which the amount of heat 
Q. drops from ¢, to ¢,; that is, heat goes from a warmer 
reservoir to a cooler one. 

2.Q:<@Q.: More heat is taken awayt han added, whereby 
work is done on the system from outside. During the cycle, 
work is thereby converted into heat, in the course of which 
the amount of heat Q, rises from ¢, to ¢,, that is, from a 
cooler reservoir to a warmer one. (See figure.) 


We can make the following assertion: 
Q1/92 = f(tr, t2)5 


that is, Q,/Q. is independent of the nature of the substance. 
If this assertion were false, then we could construct a 
perpetual motion machine of the second kind by means 
of two Carnot cycles. We proceed around a Carnot cycle 
using substance J and around an identical cycle with sub- 
stance I’ in the opposite direction, so that Q, = (,; that 
is, no heat is removed from the reservoir at temperature ¢,, 
because what I takes away I’ returns. If it were that 
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0.< O35 then more heat would be taken away from the res- 
ervoir at temperature t, by J’ than would be returned to 
the reservoir by J. 


3Q =0 
0a. re 


Figure 9.2 


According to the first law this difference in heat would 
be converted into work. Therefore, heat would be taken 
from the reservoir at temperature ¢, and converted into 
work without compensating changes, which the second law 
forbids. If Q,>@Q,, then we reverse both processes and 
obtain the same case as above. Therefore, because of the 
second law, it must be that 


Q2=Q2 
or ! 
oa (t,t). a 


If the second law were untrue, that is, if heat conduction 
were reversible, then work could be obtained from heat 
without compensating changes. Since it is only possible 
to convert -work into heat without compensating changes, 
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and since it is only possible for heat to go from a higher 
to a lower temperature without compensating changes, this 
is the preferred direction in which actual processes take 
place. We can now also determine which of two temper- 
atures ¢, and ¢, is the higher, namely, that one from which 
heat can flow to the other without compensating changes 
[A-3]. Since, according to Section 4, heat which is added 
is taken as positive, it follows that 


Ox 0G. when <= Hey . 
The relation given by Eq. [9.1] can be extended to 


@: _ p(t) 
Q, ¥ @(ty) ‘ ped 
because 


Qi: 919% Qi!Qo __ Fl(try to) p(t) 


QO, Gormiere.. Kiar git.) 


We now define, as the thermodynamic temperature scale, 


g(t) = constant x T , 


so that we can write Eq. [9.2] as 


Q, 7, 
ok 
or 
Q, 2 
nor [9.3] 


Through this equation, the temperature is defined to within 
a constant factor; the zero point is now fixed. That the tem- 
perature T is positive is contained in the second law [A-6]. 
We have also defined what it means to say that one tem- 
perature is twice as large as another. 


b. Arbitrary quasi-static processes 
An arbitrary quasi-static cyclic process can be reduced to 
changes in a single heat reservoir with the help of auxil- 


22 THE SECOND LAW | Chap. 2 


iary—in the limiting case, infinitely many—Carnot cycles. 
First, we make a decomposition into only a finite number of 
individual processes with temperatures 7’, at which the 
quantities of heat dQ, are added (k= 1, 2,..., Z). The quan- 
tities of heat 8Q, are removed from a single reservoir at 
temperature 7, with the aid of Carnot cycles. We have 


30, 30 


for all k. For the cycle we then obtain 


8Qe SQ% 1 Qo 
7 ig = DP. =F, & 800 


Since we have completed a cycle, and since no changes 

result, heat could neither have been added to nor taken 

away from the heat reservoir at 7',. Thus, it must be that 
0 eA 7,08 


and, in the limiting case, 


jin $3 G22 a 


iim: > 1 jee 


2 
Accordingly, i dQ/T is a function of state (independent of 
1 


path). If we introduce a reference state 0, we can define 


entropy as 
"30 


For quasi-static changes of state we have 


2 

) 
[Bass ; 
1 
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and for cyclic processes we have 


— f ¢ _ 
s9= 62 no. 


ce. Rapidly occurring processes 

It still remains for us to investigate how the entropy 
changes during rapidly occurring (irreversible) processes. 
To that end we consider a process in a closed box, in which 
the internal energy remains constant. Thermodynamics re- 


Figure 9,3 


quires that the initial state be attainable from the final 
state along a quasi-static path. The change in entropy 
along this quasi-static path is 


) 0 
3,-3,=[2=2. 
: 0 
2 


Here Q, is the heat removed from a reservoir at temperature 
T,, and Q,< 0. Were Y,> 0, then heat would have been con- 
verted into work without compensating changes, which con- 
tradicts the second law of thermodynamics. Thus, 8,< S,; 
that is, the entropy has increased. 

Concerning the second law, the following is to be noted: 
The thermodynamic function of state can also be deter- 
mined without using irreversible processes, on which the 
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statements of Clausius and Thomson are based. This is 
done by weakening the principles of impossibility somewhat 
by only stating something about quasi-static processes. In 
a quasi-static cyclic process: 


1. Heat cannot be converted into work unless, at the same 
time, a corresponding quantity of heat is taken from a 
warmer reservoir to a colder one; 

2. Heat cannot go from a colder reservoir to a warmer one 
unless, at the same time, a corresponding amount of 
work goes into heat; 

3. Work cannot be converted into heat unless, at the same 
time, a corresponding quantity of heat is taken from a 
colder reservoir to a warmer one; 

4. Heat cannot go from a warmer reservoir to a colder one 
unless, at the same time, a corresponding. quantity of 
heat is converted into work. 


If we postulate the validity of the above four axioms for 
quasi-static changes of state, then an entropy function exists. 
If we require that only axioms | and 2 are true for rapidly 
occurring processes, then an entropy function exists nev- 
ertheless. In a closed system, the entropy can change only 
in one direction; it can either increase or it can decrease. 
However, both possibilities are never simultaneously avail- 
able [A-8]. 

A further remark concerns the question of whether the 
temperature defined by the Carnot processes must necessa- 
rily be positive [A-6]. [The same question occurs for the sign 
of the integrating factor in the formulation of thermody- 
namics by Carathéodory (Section 11).] From the axiomatic 
viewpoint, Mrs. T. Ehrenfest-Afanasjewa showed that this 
does not follow solely from the remaining assumptions 
[Z. Physik 33, 933 (1925) and a correction in Z. Physik 
34, 638 (1925)]. However, in order that this question not 
be a purely formal one, the statistical methods (canonical 
ensemble) which form the subject matter of the following 
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set of lectures must be applied here. From this broadened 
viewpoint N. F. Ramsey showed that special systems can 
be characterized by a negative temperature under certain 
circumstances [Phys. Rev. 108, 20 (1956)]. 


10. MATHEMATICAL FORMULATION OF THE SECOND LAW 


The mathematical statement of the second law is that 
8Q/T=4dS8 is an exact differential. 

This statement is no longer tied to quasi-static processes. 
It defines entropy in complete generality. We have 


n+l 
ag — We +3W dE + 2 yx da, 
a fl 


where [A-2| B>2i@wasy.-.en), 200 Gee 0. IT wesin- 
troduce the functions 


and 


then we can write 


n+l 
adS'— > wade, (differential form of Pfaff). 


k=1 


Since dS is an exact differential, it is necessary that [A-2] 
= (ipl Sp Qyp Bena Wy. 
Example: For homogeneous substances, we have dS 


=(dE+pdV)/T. If we choose FE, V as independent vari- 
ables, that is, T=—T(H,V) and p= p(E, V), then 


PoP 


oV 
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However, this notation is very inexpedient. Therefore, 
we shall introduce other functions with more convenient 
independent variables later. 


11. AXIOMATIC FOUNDATION OF THERMODYNAMICS FOLLOWING 
CARATHEODORY 1 


a. Pfaff’s linear differential forms 
Let the functions X,(a, 7,,...,a,) be given. In order that 
the expression (Pfaff’s form) 


5Q = > Xia, a, ...5 Xn) ay 
k=1 


be the exact differential df of a function f(a, 2,..., x,), 
the conditions 


must be fulfilled for all 7 and k, as a consequence of 


ax, of of ax, 
Ox; 08,00, 08,00; Ox, 


If 3Q is not an exact differential, then the case when a func- 
tion t(%,, ®%,...,%n) (the reciprocal of which is called an 
integrating factor) can be introduced to make 


t kT 


an exact differential is of especial interest in thermodynam- 
ics. The conditions for the existence of such an integrating 
factor 1/t are given by 


a(Xift)_ (Xelt) _ 


on SE, 0 t,k=1, 2,...,%. 


1 References for Section 11: C. CARATHEODORY, Math. Ann, 67, 355 (1909), 
and Sitzber. preuss, Akad. Wiss., Physik.-math. Kl., Jahrband 1925, p. 39. 
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The function t can be eliminated by forming the sum 
(ikl) + (kli) + (lik) = 0, 


where, for example, 


Pee 2. C(X./t) O(Aajz)] 
(ikl) = X,] Oar, Sa, = (I). 
We obtain 
x (= S =O, HK, ‘ ha Ox, = 
*\ Oxy =| "\ On, Ok, ae 


This condition must be fulfilled for all possible triples (7, h, 1). 

It can be shown that these conditions for the existence of 

an integrating factor 1/t are also sufficient. For two vari- 

ables this condition is not applicable. Now, we want to 

consider those curves 8Q= > XY,dxr,, which pass through 
k 


a fixed point. Two cases must be distinguished: 


1. If there exists an integrating factor (10), then it 
follows from 5@=tdf that, when 8Q=0, then df=0 also; 
this implies that f(xr,,2,,...,7,)=constant. Accordingly, 
all curves 8Q9=0 le in an (»—1)-dimensional hyperplane 
through the fixed point. Thus, in the neighborhood of the 
fixed point there exist points arbitrarily close which do not 
lie in the hyperplane and, therefore, cannot be reached from 
the fixed point along curves 8Q=0. Since the fixed point 
may be chosen arbitrarily, the following statement is true: 
If an integrating factor exists (t 40), then, for every point x 
in the n-dimensional space, there are points arbitrarily close 
to x which cannot be reached along curves 8Q=0. 


2. If there does not exist an integrating factor, then all 
neighboring points can be reached along curves 62 =0. 

In order to prove this statement, we use the fact that the 
Pfaff linear differential forms can be brought into the nor- 
mal form, 


dQ = 2, d2,+ 2,400,427, 0054+ ... + Gon ALy_-y + KX en4) 
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if the number of variables is odd (2n+1), and 
SQ = a,0x,+ 2,dx,+ 2, dat ... + Lon dVon—1 


if the number of variables is even (2) (that is, here k is 
zero). We will carry out the proof for (2n+1) variables. 

Let P°(x°, a, ..., oni) be the fixed point and P'(x,, 2,, 
Ree eae) the point to be reached along curves 6Q=0. Let 
the running coordinates be 2, %,, %3,...,; enti. First, we 


le tin, SOR tiga, v9 Tanti be constant, that is, 7, =], 7,= 3, 
Een, .. +1 Pants = Tanga (therefore 3Q=0), and go from P° 
to the point PES a er ees) whose coordinates 


&,, &4, &e, +5 &2n Satisfy the condition 


E, (a1 — 09) + Fa(as— as) +... 
GGA Oe) hoa oO. 


Now, we leave «,, #,,..., £,, constant, thatis, 7,—§,,7,—é,, 
Le= Eg, .++) Ly, =F,, and go along the surface defined by 


E,(@,— a4) + €4(@,— 3) + ... 
ate E5n(Gen—1— Xen—1) + K(@onti— 5n41) =0 


ftom. P to P(e, , Escientey ene pes) in which case again 
sQ=0. Lastly, we again leave yy Way Uy »- +» Want constant, 
that is, a Wg = Uy, We, and go 
from P* to P'(a,, %4; ly, +++, Cicely in which case SQ = 0 also. 
Consequently, P’ can be reached from P° along curves 8Q = 0. 

If everywhere in the above proof 2,,+4, is left out and k 
is set equal to zero, we obtain the analogous proof for 
2n variables. 


b. Application to thermodynamics 
We need the following concepts: 


1. Adiabatic walls: Changes of state are possible only 
through mechanical means. Adiabatic walls do not conduct 
heat. 

2. Heat conducting walls: All nonadiabatic walls are heat 
conducting. 
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3. Quasi-static changes of state: These changes of state are 
very slow, infinitely slow in the limiting case, so that the 
intermediate states form a continuous sequence of equilib- 
rium states. 

4, Nonequilibrium changes of state: All non-quasi-static 
changes of state are nonequilibrium (rapidly occurring). 


The quasi-static changes of state of a closed system within 
adiabatic walls, that is, the adiabatic quasi-static processes, 
lead to the existence of adiabatic curves, along which 8Q = 0. 
For quasi-static changes of state within heat-conducting 
walls, that is, for processes involving heat conduction, there 
is thermal equilibrium between the inside and outside. If 
two substances are separated by a heat-conducting wall, 
then there exists a relation [A-2] 


F(p, V,D, 0% 
Y 


Heat-conducting wall 


Figure 11.1 


This relation must have the form t(p, V)=#(p, V) for the 
following reason: If (p,, V;) and (po, V,) are different states 
of one substance, and if (p,, V,) and (p,, V,) are different 
states of the other substance, then experiment shows that 
the three conditions [A-2] 

F(p,, Vi, Pi; V;) =0 

Tiny, "V.sam V.) = 0 imply F(p,, V2, P., Vs) =0. 

F(p,, Vi, Des V,) =0 


30 THE SECOND LAW | Chap. 2 


However, this is possible only if the relation “—0 has the 
form t(p, V)—i(p, V)=0. 

In order to formulate the first law, we can now restrict 
ourselves to adiabatic but not necessarily quasi-static 
changes of state. For such a process we define 


ewe. 


i 


Here, it is to be noted that there always exists an adiabatic 
[A-9] path which either leads from 1 to 2 or from 2 to 1. 
For adiabatic [A-9] changes of state, we have 


SW = dy. da, and dH+s8W=0, 
k 


for homogeneous substances dE'-+pdV=0. Therefore, the 
equation for adiabatic changes of a homogeneous sub- 


stance is 
oH oH 
(az) a+ |(e) +2]ar=0, 


where the temperature function t(p, V) is still completely 
arbitrary and need not be monotonic. For two homoge- 
neous substances which are separated by a heat conducting 
wall, that is, which are in thermal equilibrium, the equa- 
tion for adiabatic changes is 


(a) + Cael" [lbp) +2] 47+ [Gy] +2] avo. 


Uf 


Figure 11,2 
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For nonadiabatic changes of state, that is, changes in- 
volving heat conduction, we define 


2 
poo=n—m+ OW. 
1 1 


This definition determines the unit of heat. If the tem- 
perature is held fixed, t(p, V) constant, then we obtain 
the equation of the isotherms. Nonadiabatic changes of 
state can always be traced back to heat conduction. 

For the second law, Carathéodory replaces the formula- 
tions of Clausius and Thomson with the following require- 
ment, which at first shall be valid only for quasi-static changes 
of state: For arbitrary initial states, there exist neigh- 
boring states which cannot be reached from the initial state 
by means of quasi-static adiabatic changes (8Q = 0). We can 
also say that there exist neighboring states which cannot 
be reached from the initial state along adiabatic curves. 
Thus, according to Carathéodory, the existence of states 
which cannot be reached adiabatically implies the exist- 
ence of an integrating factor. For a single homogeneous 
substance, the equation for adiabatic changes is 

(=e) + |(@r) +2] 2r=0 
Since a linear differential form with two variables can al- 
ways be written with an integrating factor, it follows that 


cao (22)ar+ (22) +2]ar=o, 


where t=1(t, V) and o=o(t, V). 

For two homogeneous substances which are in thermal 
equilibrium, the equation for adiabatic changes of the com- 
bined system is, as given above, 


(ai) +(e) (ler) +efer [farsa fenme 
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Since the integrating factors for the individual substances 
exist, we have 


Of, oH 
v(t, V, de, Ye ( ar jae le ‘\+pfay, 


Y, 
na(t, Vi) de,(t, V;) = (Sr)aet (e + pay. 


However, according to Carathéodory, an integrating factor 
for the composite system also must exist; that is, 


t(t, Vi, V2) da(t, Vi, Ve) 
OF, OL, OF, OF, 
=(ae)+ (Se) (lex) +o]an [Se] +e]an, 


from which it follows that 
tdo = 1,do,+ T,do,. [ao 


By introducing new variables ¢t, o,, and o, instead of the 
variables t, V,, and V,, we find 


From this we see that o is independent of ¢ and, further, 
that t,/t and t,/t are likewise independent of t. Therefore, 
we can write 


T= f(t) 2i(a1) , 

T. = f(t) X2(o2) , 

t = f(t)X (01, 02) . [11.2] 
It remains only to show that 2(o,,0,)=2(c). If we sub- 


stitute the expressions given by Eq. [11.2] into Eq. [11.1], 
we obtain do—2\do,+2,do,, from which it follows that 


(Oo/00,)2= 2) and (d0/d0,)2=2;. 


If we now differentiate with respect to o, and o,, respec- 
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tively, we obtain 


oo OL Co - oo OL Oo 
Q0, 80, 00,00, = 0, 00, | 00,00, 
or 
COLO. Oa Ol 


00,00, O06, 00, a 


This quantity is exactly the Jacobian, and the fact that 
it equals zero implies 


2(01, 02) = X(0). 
We now define the thermodynamic temperature, to within 


a constant multiplicative factor [A-6], as the reciprocal of 
the integrating factor: 


1 2h 
In addition, we make the following further definitions: 
dS =— d(a) do ; ds, — oyu) do, ) ds, = PIE) do, 9 
or 


S =|z (a) do + constant, 
Che i 1(o,)do, + constant, 


S.= [ »,(o,)do,-+ constant . 
We then have 
S=8,+8, and sQ@=TdAS=Tds,+Tdas.. 


These two expressions are exactly equivalent to the sec- 
ond law. We can thus say that if two systems are in ther- 
modynamic equilibrium, then the second law requires the 
existence of an integrating factor. 

If the existence of adiabatically unattainable states is 
required also for rapidly occurring adiabatic changes of 
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state, then the following statement is valid: For all pos- 
sible changes of state (rapid and quasi-static) in a closed 
system the entropy can only increase or decrease; both pos- 
sibilities are never simultaneously available [A-8]. Let the 
initial state be specified by (V?, V2, S°) and the final state 
by (Vi, V,, 8). We introduce an intermediate state, (V,, V,, 8°), 
which is quasi-statically attainable (since AS=0). Without 
changing the volumes V, and V, we carry out a rapidly 
occurring process (stirring or rubbing); that is, (V,, V2, 
S°)— (V,, V., 8). If the entropy could both increase or de- 
crease as a result of a rapid process, then all states would 
be attainable through rapid processes. However, there must 
be a restriction. The only possible one consists in allowing 
only one algebraic sign for entropy changes; this means 
that the entropy can either increase or decrease, but not 
both. The conventional normalization is that the entropy 
can only increase in a closed system [A-8]. 


12. FREE ENERGY 
a. Definition 


We define the free energy /' as 
F=EH-TS. [129 
It follows from this definition that 
dF = dH—TdaS—SaT 
and, if the second law is introduced, that [A-2] 


n+l 


df =—SdT—SW=—SaAT—Sy,dm,, Yori =0. [12.2] 
kal 


Therefore, F=/(2,,%.,...,%,,7). Further, we have the 


relations 
oF oF 
(),-— eu (5z),--8 


If we substitute these relations into Eq. [12.1], then we 
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obtain 
oF 
F= 
E+ (5a), 
or 
oF 0 (8 , 
ba p—3(5r\ -— m5 (7) . ees] 


The function # isused when the temperature 7 appears as 
an independent variable, and the entropy S is used when 
the internal energy EF appears as an independent variable. 


b. Application to homogeneous substances 
Assume: that m=1,e2=V", yp, Poeet(V,T). Pom, 
df =—pdavV—SdT, [12.4] 


oF oF 
(a7), 7? and (ez),= =—S8, 


Because F’ is a function of state, we have 


Gr \ {@p\ (os 12.5] 
OToV) \dTl, Ce ii 


This identity is very important for homogeneous substances. 
From Eqs. [12.3] and [12.5], we have [A-5] 


aE\ (oF OF as 
(57).— (sr), sear) = ere (sr),- a! 


For the specific heat at constant volume, ¢,, we have [A-5] 


_ (Qn (O8\ _—_, (@F 
ee ee 


and for the specific heat at constant pressure, c,, we have 
(SQ) 3s" os es) fOr |. 
ie a= 2 (sz), = Pier}, A ae| ela 


from these we obtain 
OS, (OV Op\ (oV . 
Gata se a (=) - (=), ak [12.7] 
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It must be noted that all of these relations are valid only 
for homogeneous substances. 
From, the first law we obtained 


OH OV 

(av), +|(zz), 

Tf this formula is combined with Eq. [12.6], then we obtain 
exactly Eq. [12.7]. Further, we deduce from the second 


law that 
Oey = Op 
(sy).— B ae 


Equation [12.7] can be further transformed mathematically. 
Because of the existence of the equation of state, we can 
assume that V(p, T) is given. Then, 


OV OV 
ort + an 


Cy — Cy = 


At constant volume we have (oV/OT),=0. Therefore, 


aV\ _ (OV\ (ap\. (av\ _ 
Grlealemelen) egy 
(22) _ (QV/aT), 
OP}y (OV /Op)r 


Therefore, Eq. [12.7] can be written 


ope MOV ODI 
. (OV/op)r — 


13. GIBBS’S FUNCTION 


a. Definition 

For the free energy F the independent variables are 
X14, U_,X3,...,€n, 7. On the other hand, the Gibbs function 
@ is to be a thermodynamic function whose independent vari- 
ables are ¥1, Y2, Ys) ++») Yn, LZ. Therefore, we apply the fol- 
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lowing Legendre transformation to F: 


oor Bll 


Oa, 


=F+ Son E— TS+ YD wey, [13.1] 


kel 


db =dF4+38W+ > mdy, 
kel 


=S5 -Sar+ Samay, = (57 
kel 


MOOS oath. 2 
at), "opel 


The terms containing dx, cancel and, therefore, we have 
D= Dy, Ya) Ys) +++) Yn) 1). Furthermore, 


OP OF oP A 
eal = tan) =—S and (ac = @,. { 2388) 


b. Application to homogeneous substances 
We have 
®=F+pV and d®=—SdT+Vdp. 


Therefore, 6=@(p,T). For quasi-static changes of state 
at constant pressure p and constant temperature 7 (iso- 
thermal isobaric processes), the Gibbs function @is constant. 
Furthermore, 


o@ oD 

 —— \ a 

(aa ate ae 
In the previous section we obtained for the specific heat at 
constant volume [A-5] 


= or OCy es SS 
Cy = — T(, and =), os Yh oT? 4 e 


Analogously, we obtain for the specific heat at constant 
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pressure 


as O@ dc,\ av 
~=2(50)-—*(an), 2 (3).--* an), 


c. Application to ideal gases 


With the help of the second law, the three axiomatic prop- 
erties of ideal gases can be reduced to two. At the same 
time the agreement of the thermodynamic temperature scale 
with the gas scale can be demonstrated. 


1. Since (OH/OV),=0, it follows that T(dOp/oT),= p or 
p=f(V)T. Therefore, p is a linear function of 7. 
2. The isotherms are pV= constant. 


From 1 and 2 follows pV= (constant) xT or pu= RT per 
mole (v= molar volume). That the value of the constant 
which appears in this equation is Rk does not follow from 
thermodynamics. The same gas equation is obtained when 
the thermodynamic temperature scale is used as when the 
gas scale is used. Therefore, the thermodynamic temperature 
seale agrees with the absolute temperature scale, 

The entropy of an ideal gas is 


dv 
Tr? 


i aT 
dS => (dH +pdV) =e +R 


S =[o a + Rlog V-+ constant . 


For ideal gases ¢,(7') = constant, which is not true for arbi- 
trary substances. Therefore, per mole, 


S=cylog7T+ Rlogv+ constant . 


As long as the quantity of material in the system remains 
constant (that is, as long as no chemical changes take place), 
we can accept as part of the definition of the entropy 8S 
of arbitrary substances that the entropy of a system in- 
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creases in proportion to the size of the system if the den- 
sity is constant. Therefore, we have the following homo- 
geneity property: 


S(n,V, 2) = nse 7) — ae (4 r) 


(v= molar volume, n= \’/v=number of moles). For ideal 
gases we then have 


S=n (erlog 7 + Rlog* + a). 


We shall normalize the entropy constant a later. 
Because S=— (OF /0T),, we have for ideal gases 


, 


J 
F=n (cr — er Plog T— RT log - =e By). 


where FE, is the internal energy per mole extrapolated to 
T=, since the energy is independent of the volume. 
Therefore, because #=EH— TS, we have 


E=n(eyT+£,), 
for which result we have assumed that ¢cc,/OT=0. The 
Gibbs function, written in terms of inexpedient variables, is 


V 
C= P+ pV=n(orP—e, Plog ?— RP log 5 —aT +E, + 7). 


Since c,+R=c, and V/n=RT/p, we have 
— RT log» =— kT (log T + log R — log p) 
and 
@=n([RTlogp+ (ey + R)T 
—(ey+ R)T log T —aT— RT logk + E,| 
= n(RT logp —c,T log Tf —iRT + E,), 
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where 


; see 


+logR=y+logR ; 


y is called the chemical constant. 
For ideal gases we therefore have the following relations: 
1. Internal energy: 


E=n(eryT + £,) ; 


2. Entropy: 
V 
S=n (crlog 7 4- Rlog 4. a) ; 
3. Free energy: 
"a 
a, (ert — er tog 2 — RT log ——aT + By) 3 
4, Gibbs’s function: 


®@ = n(RT logp —e,T log T —iRT + F,). 


The constant a cannot be determined and will be normalized 
later. (See the section on Nernst’s theorem.) 
d. Joule-Thomson experiment 


A gas flows from a container (1) into another container (2). 
The entire system is thermally insulated from the outside. 


Ss) 

re) ie 
=== 
eS 


y Ve Vee, 


Throttle (e.g., cotton plug) 


Figure 13.1 
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However, an exchange of heat between the throttle and 
the flowing gas is possible. The work done is 

W = 72V,— 7)"; . 
According to the first law we have 


P2V,— PiV,= H,— E,, 
or 
#,+p,V,=£#,+ p,V.= constant . 


(Of course, for ideal gases we have K,= EF, and 7,=T7,.) 
According to Eqs. [13.1] and [13.3], 
E+pV=@-T 7) = constant , 
CLs 


from which we obtain by differentiation 
02D Oop o2@ 
—T = Pe = 
(sz), ae r+ || mh. (span) |? 


Therefore, 
OV 0 (V 
iD. (ar), v AD == rs ap (7) Ap 


Usually Ap is given empirically. For ideal gases, because 
V/T = nR/p, we have (o/oT)(V/T),=0. In general, (c/oT) 
(V/T), can have either sign. The temperature at which 
this expression is zero is called the inversion point. The 
above formula finds its practical application in the Linde 
air liquefaction process. 


nog? — 


e. Equilibrium between two phases A and B 


Since pressure and temperature are constant during melt- 
ing and evaporation processes, the Gibbs function ® will 
be used. We have p,=p, and 7,=T7,, from which it 
follows that ®,=@,. As has already been shown,’ 


A=(£,— £,)+7(V.— V.). 


1See p. 15. 
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Since the process is isothermal, we have from the second 
law that 


T(Ss— Sa) = (Es— Ea) + p(Ve— Va) =A. [18.4] 


The derivative along the vapor pressure curve p(T) is 


given by 
d\ (¢o \epyo \ a 
ar) \oP),  \opnar 


Since ®,—@,, we have 


OR me) ea 
or)" \ op ede Vor) alec 


and hence 


d 
(Sp— Sa) = (Va Va) 
Combining this with Eq. [13.4], we obtain the Clausius— 
Clapeyron equation: 


A d 
7 = Ss Sa => (Va— Va) a & 
This equation can also be derived by means of cyclical pro- 


cesses. We carry out a Carnot cycle. (See Fig. 13.2.) We 


Figure 13.2 
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have A/T = W/dT. Indeed, the work W corresponds to the 

area A. In the limit as dT >0, we have W=dp(V,— V,), 

since for small dT the areas A and A’ differ from one 

another only by quantities of higher order. Therefore, we 

obtain the same result which was obtained above. 
Further, if we differentiate 


12429), )-[o- C9, -lo- 7 


with respect to 7, we obtain 
oi lee) (2 
ae OT?]_ — = 
or 


+ alle)? rep) lee)? ere) 


oh = (Cs)e— (eat SAP ~ (x) | -|r- (er) d: 


From the first law we obtained 
Op T)B 


aa dp [([/az 
am = (Cp) — (€p)a + aT (, ae 


~ (Ker), 2) G5) eae: 


The result from the second law agrees with that from the 
first law because of the validity of the following relation: 


r+] ep)" (ea), 


This follows from 


with the help of 


ép\ __ @V/eT), 
( “ei (OV jop)r 
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The last two relations were derived in Section 12. If we 
know the thermodynamic function of the liquid or gaseous 
state of a substance, then we can calculate the equilibrium 
curve (vapor-pressure curve) for that substance. 


f. Unstable states 


In Fig. 13.3, both the solid and the dashed curves are 
isotherms. The dashed ares represent states (for example, 


T =constant 


Figure 13.3 


superheated liquid or supercooled vapor) which are unstable 
with respect to arbitrarily small changes of state. If we 
carry out a cyclical process along these isotherms, then 
we obtain 


w=0=¢ pav (that is, A = A’) 


and 


[par = pav = p(V,—V,). 


vy, vy, 
unstable curve stable curve 


2 


Sec. 13 |  GIBBS’S FUNCTION 45 


This formula determines the vapor pressure p. Instead of 
speaking especially of unstable states, we can also say 
that we know the thermodynamic function [A-10]. The 
isotherms do not have the form shown for all tempera- 
tures T. There exists a critical temperature 7, for which 
the extreme points of the isotherm coalesce; that is, the 
isotherm has a saddlepoint. This is defined by 


Op Op 
x=) =0 and =0. 
(=), (sri),=° 
The critical data of this point are called the critical temper- 
ature T,, the critical pressure p,, and the critical volume V.. 


14. ENTROPY OF IDEAL GAS MIXTURES 


We have the following empirical laws for mixtures of 
ideal gases: 


1. The internal energy of the mixture is equal to the sum 
of the internal energies of the separate gases: 


Pe > E, = 2 (er, T 4. E gn) . 
k 


2. The partial pressure of gas k in the mixture is the pres- 
sure which that gas would exhibit if it alone occupied the 
volume V that the mixture occupies. The pressure p of 
the mixture is equal to the sum of the partial pressures p, 
of the separate gases: 


p= > n= “+ Ym, (Dalton’s law) 
k k 


where 7, is the number of moles of gas k in the mixture. 

3. If there are two gases occupying volumes V and JV”, 
which are separated by a semipermeable membrane (for 
example, permeable for gas I and impermeable for gas I), 
then an equilibrium is reached such that p= p’. The pres- 
sure of I in V is p, and p’ is the partial pressure of I 
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in V’. A sufficient quantity of gas I goes from V to V’ 
for this equilibrium to be achieved. 


Figure 14.1 


With the help of these three empirical laws we can cal- 
culate the entropy of mixtures of ideal gases. Two gases 
can be reversibly mixed in the following way. Let V and 
V’ be two equally large volumes, and let V be inserted 
into V’. (See Fig. 14.2.) The semipermeable wall A is per- 
meable only to gas I; wall B is permeable only to gas II. 


Figure 14,2 


Let the movement of V proceed isothermally and infinitely 
slowly. Both gases are present in the overlapping portions 
of V and V’. In the two other portions of V and V’ are 
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gases I and II separately. If volume V is completely in- 
serted into volume V’, then we have a mixture of volume 
V=V"'. If we pull the two volumes apart, then the two 
gases are completely separated. In this way the mixing 
process is reversible. If we assume that V is moved so 
slowly that there is always equilibrium, then at every 
moment, according to 2 and 3, we have ppp. ey 
is moved an amount dV, the amount of work done is 


SW = pidV+ prdV— paV =[pi—(p—p2)]dV=0. 


That is, no work is done either when the gases are mixed 
or when they are separated. Likewise, there is no change 
in the internal energy, since the mixing and separating 
processes are carried out isothermally. Thus, according to 
the first law, heat is neither added nor removed: (8Q = 0) > 
(dS =8Q/7 =0). Therefore, the entropy has not changed. 
We now have the following law: The entropy of a gas mix- 
ture in volume V at temperature T equals the sum of the 
entropies of the individual gases when each is in volume J’ 
at temperature 7. Since the entropy of x, moles of gas k is 


V 
S.= Ny (cr, 108. + Rlog~ +a), 
k 
we have for the entropy of the mixture 
V 
S=Sse— a (erloer + Rlog—-+ a, ; 
k k Ny 
Therefore, for mixtures of ideal gases, 


S = > Si(nz, V, T) = Sl, 2, Ms, ..-) Mm, V, TL). 


k=1 


15. GIBBS’S PARADOX 


In two volumes V, and V,, separated by a wall, we have 
two gases which together have entropy S. If the separating 


48 THE SECOND LAW | Chap. 2 


wall is removed, then the entropy changes; let S be the 
entropy of the mixture. We have 


Le 

S=n (o, log T + Rlog a) +n (cr,l0g7 + Rlog =), 
2 
y 

S =m (er, log T + Flog =) +H (cr,log 7+ Plog), 
2 


S—_S=R 


i V; Vv V, 
Ny (log ma log 2) + Ny (tog i log a) 


1 1 


T+Il 
Viv. =V 


Figure 15.1 


The increase in entropy, S—S, is independent of the na- 
ture of the two gases. They must simply be different. If 
both gases are the same, then the change in entropy is 
zero; that is, 


S—S=0. 


We see, therefore, that there is no continuous transition 
between two gases. The increase in entropy is always finite, 
even if the two gases are only infinitesimally different. How- 
ever, if the two gases are the same, then the change in 
entropy is .zero. Therefore, it is not allowed to let the 
difference between two gases gradually vanish. (This is 
important in quantum theory.) 
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16. REMARKS ON THE MIXING LAWS 


It is not absolutely necessary to use semipermeable walls 
in order to derive the law concerning gas mixtures. The 
law can also be derived with the help of force fields. We 
want to do this with the help of the gravity field. [Nee 
E. SCHRODINGER, Z. Physik 5, 163 (1921). ] 

If a gravitational field opposite to the 2 direction is 
given, then 


dp _ _M et ' 
~~ de eg ae RP: 


On the assumption that 7'(z)= constant, this differential 
equation has the solution 
M 
p=p,e %*° (Barometer formula) , 


or 


= 00 e RT 


This effect can be used for separating two gases that have 
different molar weights. Let there be a heavy gas with 


Vas Noa 


Figure 16.1 
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molar weight M and density 0, and a light gas with molar 

weight M’ and density oe’. We assume the inequality 
(M— M')gz>> RT. [16.1] 


If we have a mixture of both gases in volume V,, which is 
connected with a higher volume V, by an ascending tube, 
then the light gas rises to V, and the heavy gas stays 
below. It is assumed that V, and V, are so chosen that 


ee Mo. 
err’ an ert , [16.2] 
0 


It is to be noted that V, and V, can be so chosen that 
Eq. [16.2] is satisfied, since Eq. [16.1] implies 


M &' 
ert >» ext” | 


Since @,/o=e%""" and o,/o = e*"", we also have that 
Qo. Vir @ 00Vo 00Vo 
Ps or a 
C Yo @ ov, i eV, 


That is, the heavy gas stays near the bottom and the 
light gas rises. Let us now calculate the work which is 
done during the separation. In each intermediate state let 
the light gas in the upper region occupy volume V and 
have the partial pressure p. Let the light gas in the lower 
region have the partial pressure ~). Likewise, let there be N 
moles of the light gas above and N, moles below. We have 


N4-N,=N,=constant, p= RTN/V, and p,=RTN,/V,; 
from this it follows that 
pPV+DVy=RT(N +N.) = RIN. 


In the initial state V=0, p= p,, and PV +DV,= pV, 
where Do isthe partial pressure of the light gas in the 
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mixture in V,. In each intermediate state, 


— = ae gz 

D—hhe, 
and 

ue C7 ory 
PV + DoVo =P(V+ Voetar”*) = pov, ; 
from this, p is calculated to be 
- 

p= pave] (V+ Yet"). 
When the final state, V=V, and p,=0, is reached, the 
amount of work done is 

Lan 
dV VeVi ex” a 


Ww = [par rinf w= = piVolog 1 
V+ Vien” Vien” 


Because the light gas rises, we have 


Therefore, the work done can be written in good approxi- 
mation as 


' VY, M' 
i ie anil 
W = no, (10g v, w) : 


If we bring the volume V, to the same height as VY, we 
thereby gain an amount of work 


mM’ 
W,0= N'M'gz = PoVo Ta 9 E 


We now change the volume V, of the light gas to vol- 
ume VY, isothermally; the work done by the gas during that 
process is 


aa 


14 oo J 
Wr,-+v, = Po Vo log —° = — poVolog =. 
V; Vo 


The total work done is therefore zero. The heat added is 
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likewise zero; therefore, during the entire separation pro- 
cess the entropy change is zero. The entropy of the mixture 
in volume V, equals the sum of the entropies which the 
individual gases have in volume V,. 

Other force fields, which act differently on the two gases, 
can be used instead of the gravitational field. 


Chapter 3. Equilibria 


17. VAN’T HOFF’S BOXES 


If a chemical process can proceed in both directions, then 
generally an equilibrium state is achieved. For example, 


2Cl,+2H,O24HC1+0,. (17.1) 


Let Ng, Nujor Nua, No, be the number of molecules of 
Cl, HsO, HCl, Osmond lett, A,, dy, beetheenwmber 
of atoms of Cl, H, O. At every moment during the reac- 
tion, the following equations are valid: 


2 Na, + Nua = Aca 
oN x + fixed numbers which do not 
ee See change during the reaction. 
2No, + Nuy= Ao 


Atoms and parts of molecules which do not change during 
the reaction, like the Cl, H, and O atoms in our example, 
are called resistant groups. If Z,—mnumber of resistant 
groups, Z,,= number of molecular types, and Z, =: number 
of reactions, then we always have 


Z,= Ln—Zpr. 


Insoursesaniple, Z,—3, Z,,—=4~and Z,—1. Wibthethesaid 
of two van’t Hoff boxes we can convert the reaction [17.1] 
into an isothermal reversible process. 

In the four volumes V,, V,, V,, and V, of a van’t Hoff 
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box are the gases (possibly vapors) Cl,, H,O, HCl, and O,, 
separated from the main box by semipermeable membranes. 
Membrane A is permeable only to Cl,, B only to H,O, 


Figure 17.1 


C only to HCl, and D only to O,. Let the pressures in the 
separate volumes be Pq, Pujor Puciy ANd Po,. At equilib- 
rium the pressure in the main box is 


(P= 70ER. =|- Pu,ot+ Prat Po, - 


Let the entire box be in an infinitely large heat reservoir 
at temperature 7, in order that the temperature remain 
constant during changes of state. 


1. If, as slowly as possible, 2¢ moles of Cl, are let into 
volume V, and 2e moles of H,O are let into volume V, 
and, at the same time, 4e moles of HCl are removed from 
volume V, and ¢ moles of O, are removed from volume VJ,, 
then, since the number of atoms within the box remains 
constant, nothing within the box changes. The work done is 


W, = e(— 2pa, Va, — 2Pu,0 Vajo+ 4pn0 Vaa+ Po, Vo,) =ehT, 


where V,, is the volume of one mole of Cl, under pres- 
SUTE Po, ete. 

2. We now use a second box in which the reaction reverse 
to that in 1 occurs, but which works with pressures Peas 
Pu,oy Pacis and po,. Therefore, we bring the two isolated 
gases which we took from the first box, HCl and O,, to the 
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new pressures, Pyq and po, by isothermal changes of state. 

During that process the amount of work done is 


a 
k 


m 
m= s re a Ie 
k Kk Px 


Vy 


= RT (410 o PHC log eo"). 
® pha 0, 

3. We now slowly put 4e moles of HCl into V, and ¢ moles 
of O, into V, and take 2e moles of Cl, out of V, and 
2e moles of H,O out of V,. During that process the amount 
of work done is 


W,=—eRT (reverse of 1). 


4. We bring the isolated gases which we took from the 
second box, Cl, and H,O, back to their original pressures 
by isothermal changes of state. The amount of work done is 


Py 


W, ae?” gt eR (2 10g 2 + 2iog 2B i 
Px Pa, Px,o 
We have now returned to the initial state. Since there 
are no changes within the boxes, therefore, according to the 
second law, the total work done during this cycle must 
be zero: 


0=W,+ Wit Wet We 


ak 


Po 
—eh (4 lo —- 
" Puc 


‘les 
OS 


— 2log PS — 2 log bre). 


O, oO, pa (@) 
From this it follows that 


4log punt log po,— 2 log pa,— 2 log px,o 
= 4log pac + log po,— 2 log pa,— 2 log px,o = constant . 


Since we have carried out the cyclical process at constant 
temperature, the constant can still be a function of tem- 
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perature. Therefore, we can make the definition con- 
stant = log K(T). 

In general, if M, is the chemical symbol for gas k, and 
if vy, moles of gas k take part in a chemical reaction (where 
the », are negative quantities if they refer to molecules 
which are produced), then the reaction equation is 


N 
De LF 
k=1 


where N=number of gases participating in the reaction. 
(In our example: %=2, »,=2, =—4, ™=—1; 
MC) = 0, eC), or, = O,.) 
The equilibrium condition is 
> », log p, = log K(T) 
k 
or 


N 
[I py = KZ). 


Since the temperature 7 and the pressures p, in the van’t 
Hoff box are constant during the reaction, we can use the 
Gibbs function, 


and, since p and T are constant, we have 

A®=AE+ pAV—TAS=0, 
where TAS =AQ=AE+ pAV. This relation is also valid 
if the mole numbers n, change, since the equilibrium in the 
van’t Hoff box is not disturbed thereby. Let ®, be the 
Gibbs function of gas k per mole. The change of the mole 


number ”, because of the chemical reaction is An,= ;; 
and since O= }'n,®,, we have 
k 


Ad = > An, G, =e >», p— OR 
k k 


From this we obtain the following equilibrium condition: 


y»%.O, = 0. 
k 
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For ideal gases, with 
D,, = —¢.TlogT + RT log p,—i, RT -- Eu: ; 


we obtain 
a (x Cox) T log T + RT(y 1g Pe— D Veter) + D rx Lor = 0 
k k 


or 


BI ; i 
log K(T) = log T > er. + dete Ba Dow - 
k k k 


R 


The heat of reaction at constant pressure, Q,, is defined by 


o®, Oo (@ 
d= E 2 ie — TD ve (Gal > % ap(g): 


Taking the total derivative with respect to 7 of the equilib- 


rium condition, }»,®,=0, and using the formula 
k 


(oe dP. = a (RT log p,) — Mi. =RT~ — Gp logPx) » 


Op.Jr dT Op, aT 
we obtain 
OP, o®,, dp. 
arb = 3on(ar), +35) an? 
or 
oe, = aqllog KIT). 


We can also derive this formula in the following manner. 
From the relation 


1 ; i 
logee(7’) = Rlosl & recon t 2 Vibe Rt 2% Box y 


we obtain 


d 1 1 
a K a | —— odovere 
qr lleg (T)] RT 2 Peek + RT > Ok 
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From the relation 


ce — Be 
) 7a Vy, a 2S Sle See 
¢V, Swan (Ft) wi 2 T [2 
we obtain 
1 1 
or =e” Co Te ar Ee « Q.E.D 
(uy ae k k 


We obtain the same result by means of Carnot cycles. 
We assume that the second box, with the pressures p,, 
has a temperature 7’ 7 + AT different from that of the 
first box. For ideal gases we have 


I 


CD 

S=—|— | -e,log T— Rlogp + constant. 
CT» 

From this follows the adiabatie equation of state, S—=con- 

stant: 


o,NT— RE 08 riot =; 


In the following, for the sake of simplicity, we neglect 
quantities of order higher than AT. Also, we use the same 
notation as in the first experiment. 


1. We introduee 2e moles of Cl, and 2e moles of H,O 
into the box which is at temperature 7, and we remove te 
moles of HCland ¢ moles of O,. The work done during the 
process is 

= RTe - == eh? . 


2. We then bring the gases HCl and O, adiabatically and 
isothermally from (p,, 7) to (p,, 7’). 
(a) Adiabatically from (py, T) to (p,, 7"): 
= — AB = — e(4eF"+4+ cP)AT. 
For each individual gas, we have 


: bi T 2p 
R log D7 colog | en 
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(b) Isothermally from (p;, T’) to (p,, T’): 


Pie 
We=— RIE | i (410g Pc) og be) 
P73 Pr 
o 


HC 0, 
= — ehRT' (s log Bue + log pen) 
Puc Po, 


+ eRT' [1 log Pacer + log a . 


HCl o, 


where the last term is approximately equal to 
eee - oSyAT. 
Therefore, we find W, to be 


W, =W,+ W,=—eRT" (110g 28 4-10 gee 
Pp vis 


+ e[4(c8"— cf") + (c3*— cF)JAT . 


3. We introduce 4¢ moles of HCl and e moles of O, into 
the box, which is at temperature T’, and we remove 2e 
moles of Cl, and 2e moles of H,O. We have W,=-—eRT"’ 
(reverse of 1, with 7’ instead of 7’). 

4, We bring the gases Cl, and H,O adiabatically and iso- 

thermally from (p,, 7’) back to (px, 7). 
(a) Isothermally from (p,, 7") to (p,, 7’), where p, is so 
chosen that the adiabatic curve from (p,, 7’) passes through 
(Dey Ey: 

W, --10'3 Pt == a" (— 2 log Pos 21o ge). 


Pa, 'H,0 


P,. 


(b) Adiabatically from (py, T’) toulpey T): 
W, = — AE = — e(2cF*-+ 2c#*°)(— AT). 


For each individual gas we again have 
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Therefore, we find W, to be 


Der pu, oO 
ea Stil || NG oe WY II) od 
ne : ( S al, Pa, 8 PH,0 
— e[2(6S— ef) + 2(c5°°— cf) J AT. 
The total work done is 


—W,+W,4+W,+Ws 


= -teRT' (2 log bes + 2 log [ee 4log ie log be.) 


cl, Px,0 Puc Po, 


= +eRT’ Zvelog — + eRT' [log K(T')—log K(T)]. 
k k 


Since we have carried out a Carnot cycle, we have 


Or’) _ OT) W 
a Tes TNE. 


At constant pressure, Q(T’) reduces to the heat of reaction: 


Q(T’)=eQ, (Q, per each », moles), 


Q> log K(T’)— log K(T) 
Tv AT 


/4 
~RI' [log K(T)]. Q-E.D. 


By using the Carnot cycle, we need not discuss the thermo- 
dynamic function of the gas mixture in the box. Only 
properties of ideal gases in relation to semipermeable mem- 
branes and gas mixtures are needed. 

If ¢, is the concentration of gas k in the mixture at pres- 
sure p, then 


Pr=O,0, “where > ¢,—17 
k 


We then have 


log K(L) = X rlogp. = ¥ reloge. + logp Fr. 
k 
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With the reactions 


Cl.+H,=2HCl (with »+,=1, »=1, »=—2) 


and 
Ne (with el ¥=—2), 


there are complications, because the reaction products de- 
compose in the van’t Hoff box. In these cases the diffi- 
culty is often removed by the introduction of anticatalysts 
which slow down the reactions. However, this would seem 
to be arbitrary and unsatisfactory [A-11]. The cyclical pro- 
cesses used by van’t Hoff can, by suitable application of 
external force fields which act differently on the different 
components, be so generalized that the introduction of 
unstable states or anticatalysts is supertiuous. 

Let us consider, for example, the already mentioned dis- 
sociation of iodine: 


In this case it is useful to introduce into the right-hand 
box a magnetic field of strength H, in which the para- 


H 


—— 


Tp, Vie To. Fc 


Figure 17.2 


magnetic iodine atoms I behave differently from the dia- 
magnetic iodine molecules I,. Indeed, the former have an 
additional free energy per gram-atom of 
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in which y is generally temperature dependent. This fol- 
lows from the property of the free energy that 


dF =— SdT—pdV—MdaH 
when the magnetization is proportional to the field strength, 
M= ¥(7)iH. 
This means that the Gibbs function, O=F' + pV, satisfies 
dd@=—SdT+Vdp—MdaH 
in a magnetic field. 


Remark: If the sources of the magnetic field are included 
in the system which is considered, then the work done is 
given by 5W=-+HdM and the thermodynamic potentials 
which appear are 


F’=F+4+MH and @=@+4+ MH 


instead of F and @®. If the thermodynamic functions F 
and @ are nevertheless used, then it is unnecessary to con- 
sider the sources of the magnetic field. In the following 
discussion a cyclical process will be considered in which 
there is a constant field strength (but variable number of 
free iodine atoms). The various amounts of work HAM 
which appear in this process cancel one another. 


In the left-hand box (zero field strength, pressure p, 
volume V, temperature 7) let there be a total of N gram- 
atoms of iodine present; of these, Ne are I, molecules, and 
N(i— 2c) are free I atoms (0<e<3). In the right-hand 
box let the field strength be H and let the temperature 7 
be the same as in the left-hand box; also, let the numbers 
which correspond to N, p, V, and c be N, p, V, and &, 
respectively. 

The partial pressures p, of the I atoms and p, of the J, 
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molecules which are predicted by the ideal gas laws are 
pPV=RKT-N(l—2e), p,V=RT-Ne, 


and 
pV =(pitp.)V = RT-N(1—c) ; 


and, likewise, 
pV =RT-N(l1—2t), p,V=RT-Ne, 
and 


pV = RT-N(i-2). 


For the following discussion we need an expression for 
Vdp at constant 7. First we have 


Vp = V(dp,+ ap,) = NRT |(1— 20) P* , ¢ SP], 
Pr Po 
Introducing the auxiliary quantities 


W=RTlogpn+ f(T) and p,= RT logp,+ f(T), [17.2] 


in which the additive functions, which are purely functions 
of temperature, are at this point arbitrary, we have 


Vdp = N(1—2c)du,+ Nedp, for fixed T 
and, likewise, 
V dp = N(1—2¢)dg,+ Neda, . 


We must now draw on the hydrostatic equilibrium condi- 
tions for the monatomic and diatomic components of the 
mixture; in the case of ideal gases these components can 
be considered to be independent of one another. In that 
part of the tube joining the two vessels in which the field 
strength H depends on the position coordinate z, there 
acts on the atoms a force 


N(1— 2c) dH 
yee, 
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in the @ direction; equilibrium is maintained through the 
gradient —dp,/dx of the partial pressure. Since 


N(1—20)/V=p,/RT, 


we therefore have 


Multiplying by RT7/p, and integrating, we obtain 
RT log p,— 4 yH? = constant 
or, using the quantity mw, introduced in Eq. [17.2], 
4— 4 ~H? = constant 
and therefore 
ja = f1—4 74H". {17.3] 


Here, the temperature is assumed constant along the tube. 
We neglect the diamagnetism of the I, molecules, and 
therefore we can write 


P2= Po, Pe= fr- [17.4] 


The expressions for Vdp and Vdp, as well as the hydro- 
static equilibrium conditions, Eqs. [17.3] and [17.4], have 
been extensively generalized for arbitrary substances by 
Gibbs in his work On the Equilibriwm of Heterogeneous Sub- 
stances. (This first appeared during the years 1875-1878. 
See Collected Works of J. Willard Gibbs, Vol. I.) In this 
connection, see Sections 18 and 19. 

We always assume here and in what follows that the 
existence of a chemical reaction does not influence the 
general hydrostatic equilibrium conditions in the case that 
the chemical composition is unchanging. 


1 Gibbs first uses the gravitational field as the external force field; he then 
also considers electric fields, 
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We are now sufficiently prepared to discuss the chemical 
equilibrium between I atoms and I, molecules in our two 
boxes. To that end, we assume that at fixed pressures p 
and p and at fixed temperature 7, definite concentrations ¢ 
and ¢, and therefore definite partial pressures, will result 
from the reaction I,<=21T; and it is assumed that these 
concentrations and partial pressures will be such that the 
hydrostatic equilibrium conditions, Eqs. [17.3] and [17.4], 
are compatible with chemical equilibrium. 

There results a quasi-static (and thus reversible) process 
if a heat bath is used to maintain the temperature T con- 
stant, and if the pistons in the two vessels are infinitely 
slowly moved in such a way that one of the two volumes 
V and V is made smaller while the other is made larger, 
such that equilibrium is maintained at every instant. 
This means that the two pressures p and p, as well as 
the concentrations ¢ and ¢, remain constant, whereby 
Eqs. [17.3] and [17.4] are always satisfied. It is convenient 
(although not necessary) to assume N=1, N=O in the 
initial state and N=0, N=1 in the final state (or vice 
versa), in order that a total of one gram-atom of iodine 
be brought from the left vessel into the right vessel (or vice 
versa). For such a reversible process, the potential ® de- 
fined above remains constant and, therefore, the thermo- 
dynamic equilibrium condition is 


@(T, p,c) = G(T, p,¢) (for N=N=1). [17.5] 
If we consider neighboring pressures at constant H and 7, 
then it follows that 


Vdp = Vadp. [17.6] 


Remark: This can also be illustrated by means of the 
following reversible, isothermal cycle. 

First, take one gram-atom of iodine from the left vessel 
into the right vessel at constant pressure (reversible change 
in concentration), Amount of work = pV— pV. 
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Without the connecting tube, bring the right-hand vessel 
to volume T+-dF. Amount of work ~ pal’. 

Take the gram-atom of iodine from the right-hand vessel 
again into the left-hand vessel. 


Amount of work = — (p jdp)(V ay) F @e ape +a). 


Finally, without the connecting tube, take the left vessel 
from V--+-dV to V. Amount of workee— pd. 

The net. work is Vdp— Vdp and, according to the second 
law, it must vanish. 


From the general expressions for Vdp and Vdp (with 
N=N=1), we have 


(1 — 20) du, + edu, = (1 — 2¢) df, + cdf, , 
whereas the hydrostatic equilibrium conditions imply 
da, = du, afi, = dpty - 
Therefore, we obtain 
(o—c)(2du,— du.) = 0. 


Because e=€ (from the hydrostatic equilibrium condition 
it follows that c<¢), therefore 


du : 
om 2 and aiy— 24, = function of temperature only. 
My 
We now fix the funetions f, and f,, whieh oeeur in the 
definition of 4, and gy, in sueh a way that 
flg— 2p, = 0. (Lia 
At constant T, 
d@= Vdp=du=tdy,, 


and we make the definitions of f, and f, unique by requir- 
ing 
@= m= 34, [17.8] 
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or 
® = RT logp, + fi(T) = 3[ RT logp,+ f,(T)}. [17.9] 


Using Eq. [17.4], we then have 
® = b= RT logp, + f,(T)— } xH? = BRT logp, + f,(T)]. 


The equilibrium constant AK was defined by 


ea 
log K = 2 log p, — log p, , i= - : [17.10] 
2 


Using Eq. [17.9], this can be written as 


regi emul 


pr’ Pie) 


which is a function of temperature alone. Correspondingly, 
2 
1 


ic a 7 19 24H? 
ial = Le 
K a and log K = log K + 2 RT 


Now we apply the general thermodynamic formula, 
0 (® o@ 

po ee eee ee —_ es 
sr(n) ssa 


in which the pressure is to be held constant during differ- 
entiation with respect to 7. This expression, combined 
with Eq. [17.11], only gives the concentration ¢ implicitly 
as a function of p and 7; the same is true for the partial 
pressures 


_. deze en _ c 
pi Pp 122 Pr = Eieeee 


If, however, before differentiation with respect to 7, we 
make use of Eq. [17.9] and write 


@ = 1—20) [RP I0g (p 5) + 140) 


+e LeP I0g (p 3) + 1D) ) 
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then, as a result of Eq. [17.11], we formally have 


o®@ 
Ge 
and it follows that 


1 d Z 
E+ pV = (1—20)(— m) <7 (B) + — 1) 27(f). 


As long as the coefficients of (1— 2c) and ¢ in this expres- 
sion are independent of p, the positive quantity 


eT: = i ye) 


can be considered as the heat which must be added in order 
to dissociate one gram-molecule of I, into two gram-atoms 
of I at constant pressure. Correspondingly, in the right- 
hand box (field strength H) we have 


7 = (a 2 h tl x 
ip u—an[-m A (A) 4 ohn 


+a— 7) 5(8) 


therefore, 
= a d iz 
= pee, fF ety aby eco 
0,=9,4+ 2 5H E ral : [17.13] 
(For x in this expression we can use Curie’s law, y= C/T; 
therefore, Q,< Q,.) 
(For temperature-independent specific heats at constant 
pressure we have 


set aT a(t)= cd ate Eq, 
and 


— [2 —. ar = (2) = Cpe T' + Ege ; 
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therefore, 

fii=— ¢, TlogT + B,,—i,RT 
and 

he a Cy, T log T = Ey.—1t,RT 5) 


as we know.) 
Furthermore, from Eqs. [17.11] and [17.12] follow the 
familiar equations 


RT? log K =Q, and RT: «plogk =Q,. [17.14] 

Thus, the reversible process considered here, together with 
the hydrostatic equilibrium conditions in an external field, 
is sufficient for determining the thermodynamic properties 
of the partially dissociated mixture of I, and I. (See below 
for the generalization to nonideal gases.) 

I would like to add some short remarks concerning the 
reaction 

H,+ Cl, =2 HCl, 


in which the numbers 


Aa= 2Na,+ Nrc 
and 
An = 2Nu,+ Nac 


remain constant. The concentrations of the participating 
gases are determined uniquely by chemical equilibrium only 
when, in addition to p and T, the quotient A,/A, is given. 
Therefore, in order that the chemical composition within 
the box under consideration remain constant, a further con- 
dition must be fulfilled. However, the isolated component 
gases, Cl, and H,, are both stable, and we can imagine 
introducing semipermeable partitions for these gases. As a 
matter of fact, it will suffice to introduce such a partition 
for only one of these gases; let us say H., for example. 

Thus, we first consider a box which consists of two sub- 
systems, a and b, which are separated by a partition which 
is semipermeable to H,. There is only H, in system a, 
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whereas system 5 contains an equilibrium mixture of H,, 
Cl,, and HCl. Each of the two systems a and b is equipped 
with a movable piston. However, the hydrostatic equilib- 
rium condition, 


[et = fa,» [17.15] 


is always to be satisfied, so that we can drop the indices 
a and 6 from “y,. Consider fixed T and fixed total amounts 
Aj, and A, of Cl and H. Then, using Eq. [17.15], we 
obtain 


d® = V,dp,+ V,dp, 
= Nu, duu,+ Na, dua,+ Nua dyna 


for the Gibbs function ® of the entire box (sum of the 
contributions from a and b). Here Ny, is the total molar 
number for H, in a and 6. (The two parts of VN, do not 
appear separately in the following discussion.) 

A second box, consisting of two parts of the same sort 
as the parts of the first box, is to be situated in external 
force fields. In these force fields there are differences in 
the potential energy per mole for the three gases H,, Cl,, 
and HCl. We label these potential energies by E,,,,, where 
the index k can take on three values. For k= H, we as- 
sume that the value of H#,., ,, is the same in both parts, 
a and b, of the box. 

If part b of the left-hand box is connected with part b 
of the right-hand box by means of a tube, then the hydro- 
static equilibrium conditions are 


Bt Eyot.x = br » [17.16] 


where again a quantity which refers to the right-hand box 
is indicated by a bar over the appropriate symbol. 

We can imagine that the two pistons of the left-hand 
box and those of the right-hand box are moved in such a 
way that all pressures and concentrations in each part of 
the boxes remain constant during the irreversible process 
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that occurs. (The temperature is held constant by means 
of a heat reservoir; the sums A,+A, and A,, +A,, are 
trivially constant during the process.) Therefore, the sum 
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Figure 17.3 


of the functions ® and @ of the left-hand and right-hand 
boxes must remain constant during this process. In what 
follows we always indicate the values of a quantity in the 
final state by a prime and the values in the initial state 
by no prime. With this notation we have 


@1+G6—90'+G@'. [17-17] 


Now, let us consider the same process at neighboring pres- 
sures pa }+dpa, > rdpo, Pa+dpz, and p,—dp,; however, 
let us keep the same values of Ay, Aq, 4y, and Ag, in 
the initial state and of Ay, AQ, Ay, and Aj, in the final 
state. Exactly as before, the two processes at constant 
pressures and concentrations can be thought of as parts 
of a single cyclical process; this is accomplished by intro- 
ducing two subsidiary processes in which the left-hand and 
right-hand boxes afe uncoupled. 

Because the hydrostatic equilibrium condition implies 
du,.=dfi,, we obtain 

» ean ju, = > (Ne+ Mi) dye, [17.18] 

from Eqs. [17.16] and [17.17]. 

However, as a result of the reaction we have, with a 
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definite A=0, 
Nu,+ Nu, —(N H, a Nxu,) = A * 


No,+ ri (Na,+Ne,) =A, 
and me ef 
nat Naa— (Naat Nua) = — 2A. 


(This only expresses the conservation of Ag, #A,, and 
A,+A, during the process.) 
Therefore, from Eq. [17.18] we have 
dun, +- dua, — 2 dutna = 0. 
We choose the additive functions of temperature which are 
contained in the «, in such a way that this relation holds 
for the «, themselves: 


fa, + Ba,— 24na = 0. [17.19] 
Furthermore, from this condition it follows that 
d® = 3(Andus,t+ Aadpta,) 
for the entire left-hand box at constant Ay. Ay, and T. 
(Similarly, for the right-hand box.) 


The additive functions of temperature in the «, are then 
completely determined by the additional condition 


® = 4 (Ansa, + Anise). 


Here we have already written all the relations in such 
& way that they are correct for arbitrary substances (see 
Section 19), If is only the concept of partial pressure p, 
and the special form of s,, 


fx = RT logp.4 f(T), 


which are peculiar to ideal gases. 


18. GIBBS’S: VARIATIONAL METHOD 


Gibbs makes use of virtual changes of state of closed 
systems. He assumes that the thermedynamie funetion 
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exists for the states in the neighborhood of stable states. 
For the change in entropy we must have 


(AS)zy es, See euverine atate —— S tana state < 0. 


If it were that (AS),,>0, then, since the entropy is an 
increasing function (second law), the change in entropy 
could occur spontaneously; that is, the neighboring state 
would be stable. Thus, we have the following law: A closed 
system at fixed volume and internal energy is in equilib- 
rium, when its entropy has the largest value consistent with 
the given volume and internal energy. 

If T and V, or T and p, are held constant in a system 
instead of H and V, then we have the inequality 


(AF)p,y>0 or (A®),,>0, respectively. 


Therefore, a closed system at fixed volume that is held at 
a given temperature is in equilibrium when its free energy 
has the smallest value consistent with this volume and 
temperature. Also, a closed system at fixed pressure and 
temperature is in equilibrium when the Gibbs function has 
the smallest value consistent with these conditions. For 
reversible changes of state, the equilibrium conditions are 


(SS)zr = 0 ) (OF )yr os 0 ; (dD)7» = 


Whether these states are stable is determined by the second 
variation. We must have 


(S°S)zr<0, (OF )yr7>0, (8°?D)r5>0. 


That is, the second variations must be definite quadratic 
forms with the correct sign. 


19. APPLICATIONS (FIRST VARIATION) 


a. Arbitrary substances 
Let the Gibbs function for an arbitrary substance be 
given. If in the substance there are N, moles of a basic 
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substance k, then 


G = O(T, p, Ni, Na, «..) Nan). 


The possible variations at constant pressure and tempera- 
ture are 
VrE = ON, 5 


corresponding to a reaction assumed to be possible. The 
first variation of @ is 


(a 


of »S Sy ),,98#= 8 Eats 


k 
where 
oy (OD/ON.) 2.5 


is called the chemical potential. Because (8®),,= (8F)p, 
follows immediately from ®(T,p)= F(T, V) + pV, we also 


have 
Sess 
He "\ONy ee) \ONG er 


Using > »,®,=0, we thereby obtain the general equilib- 
k 


rium condition 
SS Ve hy = De 
k 


b. Homogeneity properties 
The free energy and the Gibbs function are homogeneous 

functions of the first degree in the variables V, N,, and 
in the variables N,, respectively: 

EURGAV AN AT VN), 

G(T, p, AN x) = AD(T, p, Nx) 2 
From, this, if the temperature is held constant, follows the 
Euler relation for F: 


OF oF 
r=) 
(5 mee r 2 (sales N, : 
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With 
dF =— pdV+ > 44N,, 
k 


(=) a ler 7 
OV 7.¥, = rT _ els au Ke 5) 


and therefore 


we have 


i > Me Ni— pV . 


This allows us to set 
buh V, N;) a VICT, ”) » 


where n,=N,/V=o0,/M,. (M,=molecular weight of sub- 
stance k&.) For the chemical potential we then obtain 


-G.= (a 
aioe ON; Pa On, r 


At constant T and p, the Euler relation for @ is 


oD 
oa 2 oe cal 2 


P= Dm. 


or 


On the one hand, 
d= d(F + pV) = Vdp+ 2 HON . 
and on the other hand, 
Ae— 2 MedNet N, dy, « 
We therefore have the important relation (Gibbs): 
Vidi 2 ees (for fixed 7). 


ce. Ideal gases 
Let N=) N, be the total molar number of a mixture of 
k 
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ideal gases. Writing the partial pressure as 


Nx 
Dem xe Ps 


we obtain 


Dae [RE togp 5" cy. Plog?—i, RP + Bas) 
k 


for the Gibbs function of the mixture. Making use of the 
relation 


zee 


N; re) 
aN, b Welte 7 


= oy, [> N, log N,— N log N | 
=log V,—logN , 


we obtain 


ap Nae, 
i Ga =~ ey Plog? + RT logp =" — i RT + Bo: 


for the chemical potential. Therefore, 
N 
px = RT og p + f(T) 5 


or, with n,=N,/V~N,p/N, 
a= RT logn,.+ 9(T) ° 


Both f,(T) and 9,(7) are functions of temperature only. 


d. Semipermeable walls 

Consider the case of a semipermeable wall. In volume V’ 
let there be N, moles of substance 1, and in volume ¥" let 
there be WN; moles of substance k (k=—1, 2,3,...,m). Let 
the wall between V’ and V"” be permeable to substance 1. 


“ " a 
Ni, N;, see Ne 


V " 


Figure 19,1 
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The entire system is to be in an infinitely large heat reservoir 
at temperature 7. Since T and V are constant we use the 
free energy F(T,V,4N,). The possible variations at con- 
stant volume and temperature are 


SF = py(01, 0, 0, ..., 0) SNi-+ a,(ni, nayns, ..., 2m) = 0. 
Since the molecules leaving V’ go to VV", we must have 
d8Ni+dNMi=0. 

From these two relations we obtain the condition 
fey (1215/ 0,0 pcan 0) = x (nr ae, 5.25 Mee): 


The concept of partial pressure does not appear here. In 
this example the possible variation is an actual reaction. 
For ideal gases we obtain 


logn, =logn, or n,=n); 
that is, 
Ni|Vi=NiV". 
If we define py=RTN,/V' and py= RTN,/V", which ac- 
tually correspond to the partial pressures, we obtain 
p' = p”" . 

e. Force fields 

Consider now a mixture of arbitrary substances in a force 
field, and let f(m,,.,73,..-)%my T) be the free energy per 
unit volume. Let the potential energy FE, ,,, of a constit- 
uent substance be proportional to the mole number N,. 
The total free energy is 


F =| fim, T) + p2 m Er, pot (%)] AV , 


where n,(x) depends on position. With respect to variation 
of the n,(x), F is to have a minimum value; thus, 


v= (5 oa. + Ex mts) $n,dV =0. 
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Since the substance can only be displaced in the force field, 
none of it is lost. Therefore, 


Vv 


From the above two relations follows 


a + Ex, por(x) = constant = a, 
Ony) 7 
or 
Jeri 5 Negy Nees 2505 em) Ex, por(x) = ay - 


This is the generalized barometer formula which was orig- 
inally derived by Gibbs for the gravitational field. 


f. Osmotic pressure 

The Gibbs variational method can be quite generally ap- 
plied to solutions.? Denote the solvent by 1, and the solute 
by 2. In V, let there be N{ moles of solvent, and in V 


Pure solvent Solution 


Nt 
Po Vo 


Figure 19,2 


let there be a solution consisting of N, moles of solvent 
and N, moles of solute, separated from V, by a semi- 
permeable membrane which is permeable only to the sol- 
vent. The concentration in V is then 


0=Na ae (solute divided by solvent) . 
With semipermeable membranes the equilibrium condition is 


Ha(Poy NGS 0) = w.(p, Ni, N,). 


* References for Sections f and g: J. W. Gipss, Nature 55, 461 (1897); also, 
“‘Semipermeable Films and Osmotic Pressure,” Collected Works of J. Willard 
Gibbs, Vol. I, p. 413. 
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Since the Gibbs function is a homogeneous function of the 
first degree, we can write 


OT, pen, N.) = N, f(T, p, ¢ and P= NIL, peo). 


Therefore, 


rol) nell) ar mn (@), (2) 


If x is the osmotic pressure, then we have the equilibrium 
condition 
Ha(Pot+ 2, ¢) = t,(Po,9), where p=p+z. 
This relation can be transformed into 
Hx(Poy 0) — a(Po-+ %, 0) = fa(Po+ 7, €) — Hy(Pot 2, 0). 


Because (0®/Op),—=V and (C®/ON,),,= f,, it follows that 
(Ou:/OP),= (OV [ON vag. For c—0, thatuis, if contains 


only solvent, then 
(2) le 
Op}, N, 


Ha(Po+ 2, 0) — pa(Po +7, €) 


Therefore, 


=.— fy(Po, 9) + pi (Po + 2, 9) -|¥ dp. 
1 


Do 
If we neglect the compressibility of the solvent, we obtain 
V M 
Ha(Po+ 7, 0) — 4, (Po+ 2, ¢) ~ (| i (=) 4 
1 01 
The dependence of the chemical potential on the concen- 
tration c cannot be determined from thermodynamics. 


g. Equilibrium between the solution and the vapor of the solute 


If the solute is volatile, then there is equilibrium between 
the vapor of the solute and the solution. If p is the vapor 
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pressure, then 
= of 
[2(P, ¢) = p2(p) = (34) . 
Because of the ideal gas laws, we have 


u(p)=RTlogp+f(T) (chemical potential of gases) . 


Therefore, 


(=) = RT ogp + fi). 


Using Henry’s empirical law, 
p=ac(l+xe+...), 


we obtain 


(31) = A,+ RT loge+ RT log (14+ xe+...). 


Integration gives 
f= A,+A,e+ RT(cloge—c)+ RT e e+ 2) : 
from this it follows that 


of x" 
w= t—0 (54) = A,—RTc ET oe... 


= 4,—RMo(1+%0+...), 
where A,, A,,...,% can be functions of p and T. We have 


Hi(Po+ 2, 0) — p,(Po+ 2, €) 


n= Fin=Ro(145e+..), 
O1 2 


V 
N, 
or 
cN, 


Sec. 19 | APPLICATIONS (FIRST VARIATION) 81 


Here RTcN,/V= RTN,/V is the pressure of an ideal gas whose 
volume is the same as that of the solution and which has 
the same number of molecules as the solute. 


h. Equilibrium between the solution and the vapor of the solvent 

Of course, there is also an equilibrium between the vapor 
of the solvent and the solution. Let p be the vapor pres- 
sure of the solvent. We have 


[a(P, ¢) = Hap ). 


Between the pure solvent and its vapor there is the relation 


HA(P, 9) = pao(P) - 
Therefore, 


a 


D 
ss ¥ p 
Hap, c) — p(p, 9) = Hal P) — eehp) =|(¥) dp a RTloge . 
1 Pp 
r 


According to the definition of osmotic pressure, 


Ls(P, ¢) = pulp —7, 9). 
Therefore, 


na 


ta(p, €) — wa (p, 0) = ws (p — 2, 9) — wy(p, 0) = RT log : . 


Neglecting the compressibility of the solution, we have 


p—n 


V V p 
a(p — 2, 0) — (DP, o=| (| dp =— (z)== RT log T ; 
Pp 


or 
Ve a 
(;.)== R085 5 
that is, 
p>p. 


The above formula gives the relation between osmotic pres- 
sure and the change in vapor pressure which comes about 
because there is a solution instead of a pure solvent. From 
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this formula, changes in boiling point and freezing point 
ean be calculated as a function of osmotic pressure. 


i. Vapor pressure above a spherical surface 
We consider a sphere of radius r which is to contain 
nm moles of thuid per em’. At constant pressure we assume 
that » is constant. Then 
Aaa? , dA = 8z7rdr, 
Az 2 
Neue re, aN =n4zrdr, dA=- dy. 


Let y be the surface tension. Then 
SW = pdV—ydA. 
With 6=@®-+yA, we obtain 
d® =— SdT4+Vdp+paN+ydA, 
(8D,)r,» = wu(p) 5, fh ydA = ao +y a SN, 
(3®,)2,9= po(p) 5No. 
With 3(V;+N,)=—0, we have 


S(O, + Ding= 


2 
Hilp) + Y = a) 5V,=0 


and 
t 2 f 
{lp )+ 7 = WAP i 


Here p’ is to denote the vapor pressure above the spherical 
surface. This formula can also be derived from 


oUF, + F.)r7= 0 with a(Vi+ V.) = 0 . 


Taking the limit r—-co, we obtain, for a plane surface 
(vapor pressure 7), 


Hi(p) = w(p). 
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Thus, 
yo = [oelp') — pa(P')] —[ee(p) — mal )] 5 


or, in terms of the molar volume », 


This equation is exact. 
Furthermore, for an ideal gas and an incompressible fluid, 


(i 


2 p 
— = RT lor ——v,(p'— vn). 
= RT oe 0.(p'— p) 


Thus, the vapor pressure p’ depends on the radius r. The 
smaller r is, the larger p’ is at constant p (because the 
derivative with respect to p’ of the right-hand side of the 
formula is RT/p’— v,= v,— v,> 0). 


20. COMMENTS ON THE SECOND VARIATION 


Let a homogeneous substance in a volume V be sepa- 
rated into two fixed parts of volumes V, and V, by an 


Figure 20.1 


imaginary partition. We want to find the conditions for 
stable equilibrium. We have 


¥, Vv, =v, N,tN,=N, 
£,+#,=E, and §,1+8,=S. 
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The first variation is 


5S = (sr) 50d, 8 (sa dz, + (sx) am. e (a) a= 0, 


OH OL ON, 
with the subsidiary conditions 


dE,+dE,=0 and 4daN,+4N,=0. 


Therefore, the equilibrium conditions are 


@)-€2) es 
and 
lav.) = (Gx) a 


From Eq. [20.1] follows 7,= 7,. 
Since S has the homogeneity property, S(AV, AE, AN) 
=AS(V,H,N), we have 


s=¥ (ay) +#(ea)+ x) 


(sx) ~ a7 [S— ¥ (av) # aa) 


For homogeneous substances, dS=(dH+pdV)/T; that is, 


or 


oS/oV=p/T and dS/OoH=1/T. 


Therefore, 


SNe | nr SNe 


i= 1 | pV 7 Soe 
Consequently, from Eq. [20.2], 
®,/N,T,=®,/N.T, or ,/N,=®,/N,; 


that is, 
Pi=P2- 


The above relations are necessary for stable equilibrium, 
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but they are not sufficient. Therefore, we still must inves- 
tigate the second variation. We must have 
eS = lal =—2 2 F e4 (aE,)? 


O78; CS, Als 
+ (spay) ae. aNn,+— x (saa) (avu} <0, 


with the subsidiary conditions 

(diy —(d,), dkydN,— die, ,ondede’,)>=(a@N;)? . 
Since in the equilibrium state the quantities 

os, os, oS, 

om? sane, oe 

are independent of 7, we can introduce the following quan- 
tities: internal energy per mole, e= #/N —=E,/N,; molar 
volume, v=V/N =V,/N,;; and entropy per mole, s(e, v) 
= 8/N=S,/N,. Then we obtain 


@ d o 
ps = aN {5 (53) (de)? +(3, sae edv 4 = ate =) (avy 0, 


In what follows we shall again write S, E, and V; re- 
garding that, we must bear in mind that these quantities 
refer to one mole. With the new notation, the stability 
condition is 


os ors os 
ps —2 [5 (sp) OP je. + (spep)eBaV+ 5 (a) avy <o. 


We want to write this expression in terms of the free en- 
ergy F: 


Gn 2-7-2), 


N, 


OT'|y aT 
OF OF 
— aa) as rer ait, 


am) oF : 


86 EQUILIBRIA | Chap. 3 


1/oF 
T\OV)}_° 


Therefore, 


(dV=0), (sa), — 7 and (dE=0), ( 


OS\ 
vl, 


These relations follow from 


OS\ __—(@F\(eT\ oer 
OV), \OT?/\OVJ_e, OTOV 
I @F\(0T\ 1/0F\  ( &F 
a OT?)\OV)J_  P\OV\, \OTOV)’ 


Using the relations 


aS\  /d%8 arg 
: aa = (Fm ea (seer) 


and 
a8\ / os ans 
a(57)=(syon) 22 . Gane 


we can write 


oS (5) d#z+d (sp)av 


-o(3)( Gor GB)-o UE 
eo 
-PEGzor- (68) oC hen 
+ (EGA) 
~ (ER) ore 


— Hum) ur] co 


From this we obtain the following equilibrium conditions: 


for V= constant, c,>0; and, for 7=constant, (op/dV), <0. 
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21. THERMOELECTRIC PROBLEMS 


Because of irreversible processes, these effects are par- 
tially removed from the scope of thermodynamics. A sta- 
tistical explanation is possible; however, it goes beyond 
the framework of phenomenological thermodynamics. 


a. Thomson’s effect 
If an electric current J flows through a wire, between the 
ends of which there is a temperature difference AT, then 
an amount of heat Q is produced per second, given by 
= oN d. 


Depending on the material, t can be positive or negative. 
This process is reversible. 


b. Peltier’s effect 

At the boundary between two metals through which a 
current is passing, the heat Q=—zJ is produced per sec- 
ond, The Peltier constant 2 depends on the temperature 7. 


ce. Thermal emf 
In the solder joint between two metals, an emf, 


E,,(T) = Zi E, ’ 
is produced. 


Figure 21.1 
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Let two different wires be soldered to one another at 
their ends A and B. Joint A is to be at temperature 7'+d7, 
and joint B at temperature 7. In A the emf H,,.+dF,, 
is produced, and in B the emf F,, is produced. In A the 
Peltier heat x+dz is absorbed per unit current, and in B, 
z is given up per unit current. The amount of heat pro- 
duced per unit current in the two wires because of the 
Thomson effect is (ta—t,)d7Z. Since the “internal energy”’ 
of the system does not change, therefore, according to the 
first law, the amount of work done per unit current must 
equal the amount of heat absorbed per unit current. Since 
the amount of work done per unit current per second equals 
the potential difference between A and B, we have 


d# = dx+(t,—1,)dT, 
or 
dE dz 


apo apt (et): 


Integrating from T, to T,, we obtain 
T, 
BD) — B() al) —a() + [ey — na 
r, 


If we view the entire process as reversible, which is not 
exactly correct, we can apply the second law and obtain 


tT, 
n(T,) 2(T,) air? 
tT, =% T, +[tm-m F= 0; 


this follows from 
§(8Q)/T=0. 


Since 7, and T, are nearly equal temperatures, we may 
differentiate and obtain 


d {xz T2— T, 
an(z)- Le =. 
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Taken together with the result of the first law, we have 


d [x 1{dH dz 
oar) + plan an=° 


ae 1 /d# 
-(Fl+ pap) =°- 


This yields precisely the relation 


or 


xz dah 
re ar” 


which is due to Thomson. Also, 


OOM ee. aH 
(non) =—Fae(z)=-2 (am) 


The derivation of this relation is, as a matter of fact, not 
correct; nevertheless, the result is correct, as one can deter- 
mine on the basis of statistical considerations.? Following 
Boltzmann we can, with thermodynamics, rigorously de- 
rive ¢ 


2 ed ee 
df £ <z(;): 


Call can 


A=heat conductivity and o= electrical conductivity. 


where 
P| 
’ 


*L. ONSAGER, Phys. Rev. 37, 405 (1931) and Phys. Rev, 38, 2265 (1931), 
Also, H. B. G, Casimir, Rev. Mod. Phys. 17, 343 (1945). 
‘LL. BOLTZMANN, Wien. Ber. 96, 1258 (1887). 


Chapter 4. Nernst’s Heat Theorem 


22. NERNST’S HEAT THEOREM 


The Nernst heat theorem is concerned with the behavior 
of the thermodynamic function in the neighborhood of the 
absolute zero. It is well known that the second law deter- 
mines the entropy only to within an additive constant. 
This constant is sensibly normalized by means of the Nernst 
heat theorem. 

Let us first consider the free energy: 

oF 


ra=B+7(5), AF=AE+T 


o(AF) 
or ° 
From this it follows that 
T—>0 


Nernst requires the stronger condition 


. AF—AEH 
lim ——_—— => 


T->0 GH 0 i. 


From this follow the equivalent relations 


_ (AF) _ _ d(A®) 
pe Sore: = tl aeons oo 


and further, 
lim aS = 0. 


This is the more restricted formulation of the Nernst the- 


90 
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orem; it says that all entropy changes are zero at the 

absolute zero. A generalization of the Nernst theorem due 

to Planck states that in the relation limAS=—0, the A can 
T—0 


be dropped; S,= limS should be finite and universal. 


A reasonable normalization of the entropy constant is 
such that 

lms. = 0; 

T—0 


that is, the entropy of all pure substances has the value 

zero at the absolute zero, T=0. From this requirement it 

follows that the entropy of all substances must be zero at 

the absolute zero. This is because the entropy change AS 

which occurs when a substance is made from pure sub- 

stances at absolute zero is zero according to Nernst. 
Because lim S=0, it follows that 


' os . (38 
From this it follows that 


2 


: or . (ep 
lim (spay = () and lim fF, — (le 


Likewise, 


From this it further follows that? 


lim (¢,— ¢r) = 0 ; 


that is, for 7=0, we must have c,=—c,. From 


as as en. 
Cp T ab Co = FE (sr), ; and lim S =() 


1 See Eq. (12.7). 
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zt ve 
Cy €y 
0 0 


In its generalized formulation the Nernst heat theorem 
states that the above two integrals exist. If lim c, exists, 


follows 


then, for T=0, we must have ¢,—c,=—0. Since 
S=—(0F/oT), and S=—(0@/dT),, 


it follows that 


par fe (2) ap ny) 


Gp 
and 
vs Ti) 
pad 
o= —far (2? a P) aa" 4 By + pVo. 
0 


23. UNATTAINABILITY OF THE ABSOLUTE ZERO 


The requirement of the unattainability of the absolute 
zero is contained in Nernst’s theorem; it is, however, weaker 
than Nernst’s theorem. In order to prove the unattain- 
ability, it is sufficient to show that it is impossible to reach 
the absolute zero by adiabatic changes of state, because 
every process can be decomposed into adiabatic and iso- 
thermal processes. According to Nernst’s theorem, there 
does not exist an adiabatic curve along which one could 
reach the absolute zero. Since at the absolute zero the 
adiabatic curve S=0 is the same as the isotherm T=0, 
therefore ro adiabatic curve S=constant 40 can intersect 
the adiabatic curve S=0, which corresponds to the iso- 
therm T=0. Thus, it is not possible to reach the absolute 
zero by means of adiabatic changes of state. 
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For ideal gases the entropy per mole is 


‘r. 
S=c,logT+ RlogV+a= Rlog (VT*) + a 


At T=0, S does not go through zero for finite changes 
of state. It would appear that Nernst’s theorem is sat- 
isfied. However, because of 


- 
lim [S(Z2, V,)— S87; V,)i—Rdog (7) ee, 
T—>0 V; 
this is not true. In spite of the fact that in this case the 
absolute zero is not attainable, Nernst’s theorem is not 
satisfied. One must not doubt the Nernst theorem because 
of this. Rather, one must accept it as correct and, at the 
same time, assume that the above equation for ideal gases 
is no longer valid at very low temperatures (in the neigh- 
borhood of the absolute zero); that is, the ideal gases be- 
come degenerate. The quantum theory confirms this as- 
sumption. 


Chapter 5. Kinetic Theory of Gases 


In connection with the atomic structure of matter, it 
must be assumed that the smallest components of matter, 
that is, atoms and molecules, are not at rest but are in 
motion. Of course, this motion cannot be seen directly; 
however, its existence is apparent from Brownian motion. 
Because of this, first Krénig, and later Maxwell and Clau- 
sius, formed the following hypothesis: Heat energy is iden- 
tical with the kinetic energy of the molecules or atoms. 
Therefore, one can say that heat is a disordered form of 
energy. Boltzmann introduced the concept of the ‘‘prob- 
ability of a state’ and connected it with entropy. The 
law that the entropy can only increase is identical with 
‘the statement that a system which changes its state can 
only go to a more probable state. 

The various states of matter are differentiated as follows: 


Gases: Except for collisions, the molecular motion is 
force free (neglecting external force fields). 

Solids: The atoms oscillate about an equilibrium con- 
figuration. 

Liquids: Because there are always a large number of 
molecules which interact, neither uniform motion 
nor an equilibrium configuration is a good ap- 
proximation. 


Today the theory of gases and the theory of the struc- 
ture of the solid state are very advanced, in contrast 
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with the theory of liquids, which is not yet well founded. 
With ideal gases we may make the following assumptions: 


1. The average separation of two free molecules is very 
large compared with the molecular dimensions. 

2. The average potential energy of the molecules is very 
small compared with the kinetic energy and, therefore, we 
can neglect it. 


We shall assume that a gas consists of hard spheres. It 
turns out, however, that the majority of the results are 
independent of the specific model. 


24. CALCULATION OF THE PRESSURE 


We want to calculate the pressure which the molecules 
of an ideal gas exert on a completely elastic wall. Let 
f(%, V2, V3)dv,dv,dv, be that fraction of the molecules for 
which the velocity (v,, v,, v3) lies in the interval v, to v, +d, 
v, to v,+dv,, v; to v;+dv,. Let f be so normalized that 


freeman, 


2p O0sdnsar.. 


where 


The pressure is given by the momentum delivered to the 
wall per unit time and per unit area. The molecules for 
which the velocity les in the interval 7, to v,+dv,, v, to 
0, +dv,, vs, to v;+dv,, and which hit 1 cm? of the wall in 
a second, are in a cylinder of volume »v, (see Fig. 24.1). 
Therefore, the number of these molecules is nv, f(v,, V2, V3) d3v, 
where » is the number of molecules per cubic centimeter. 
Momentum 2mv, is delivered to the wall by one molecule; 
therefore, momentum 2mr{nf(v,,v,,0,)d°v is delivered by 
all of the molecules in the cylinder. Thus, the pressure p 
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has the value 


p = 2mn| vif(v,, Ve, V3) 430. 


%,>0 


Figure 24.1 


If we assume that f is an even function in 2, that is, 
f(— 015 Vas Vs) = f(01, 25 V3), then 


i mn feito, Vo, V3) 20. 
We define v?, the average value of v, as 
02 = | Vif (0, 02, 03) d30. 
With this definition, we have 
p=mnv?. 


This result is independent of the nature of the wall. If an 
arbitrary wall is given, then, by adding an imaginary sur- 
face, we make it into a closed surface.1 We can define a 
momentum, tensor 


T= NM, - 


1See Fig. 24.2. 
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The 2th component of the momentum transported per unit 
time across the imaginary surface F is then 


ip T x COS IN, &,) df, 
F 


where WN is the outward normal to df. 
An analogous expression, in which the pressure appears 


\ 


“S 


4 


Figure 24.2 


as a tensor p;,, is valid for the wall W. Considering the 
balance of momentum within the volume bounded by F 
and W, we obtain 


py T goes Ne) df +{3 pcos (N, %,) af 


a a; [mea = 0. [24.1] 


If we substitute A=ag (a=constant) into Gauss’s the- 


orem, 
facap=[aiv ar, 
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then, using divA=a-gradg, we obtain 
Jap-ap=a- ferd pay, 
> a. | pcos (N, 2) df = > a, pe 
ke k Oe 
os (N, 2,) df = ody, 
gy cos Vx = On, . 


Substituting 7,, for » and letting / represent a closed sur- 
face, we obtain from Eq. [24.1] 


Rea ov,dV =0, 


o=nm. 


ae 


au (2 = Die (hydrodynamic equation) . 


k 


For the stationary case, from this equation as well as from 
Eq. [24.1], we obtain [A-12] 


Dinx=T, (independent of position). 
In the case of an isotropic velocity distribution, we have 
Pe=Onp and %,0,= 6,(02/3); 


therefore, 
p=inme. 
The kinetic energy of a single molecule is E,,, = }mv?, and 
the kinetic energy of all of the molecules is U=4mnv®; 


therefore, 
. p=20/3. 


If v is the molar volume and LZ is Avogadro’s number, then 
L=vnv, and we obtain 


pv = 3 LE, . 
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According to Boyle’s law, pv = RT; from this it follows that 
Al 3 
Bn = 5 mt — —T = 5ht, 


where k= k/L is Boltzmann’s constant. The average ki- 
netic energy is thus a function of temperature. Here we 
can make the following important new assumption: In 
thermodynamic equilibrium the average kinetic energies of 
two molecules are equal to one another. Under the as- 
sumption that the kinetic energy accounts for the entire 
heat energy, we obtain 


cal 
mole 


3 
r= iS 


for the specific heat. The second assumption is not gen- 
erally valid. It is valid only for monatomic gases (noble 
gases, metal vapors). For polyatomic gases, ¢,> 3/2. This 
means that the kinetic energy does not account for the 
total heat energy. Strictly speaking, these statements are 
outside the realm of the kinetic theory of gases. Since 
there are three degrees of freedom associated with the 
translational motion, and since the kinetic energy in this 
case (Monatomic gases) is EL. = 3kT/2, it is assumed that 
the kinetic energy per degree of freedom is kT/2. In the 
case of polyatomic gases the rotational energy must be 
considered along with the translational energy. 


Monatomic gases: > C=an2, weeoe; 


f=3 
diatomic gases: i —DA C—O Io, .. eo 0 
(9) 


triatomic gases: Cents n C= liso: 


The quantity x is caleulated from the following relations: 
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The difficulties are associated with the determination of the 
number of degrees of freedom. (For details see the lectures 
on statistical mechanics.) 

The value of the average speed = 1/2 of a gas mol- 
ecule is of the order of magnitude of the speed of sound V: 


From 


follows 


25. VELOCITY DISTRIBUTION 


The exact derivation of the velocity distribution proceeds 
from a consideration of the collisions of the individual mol- 
ecules or atoms. In the case of an isotropic velocity dis- 
tribution, we have 


F(01 52) 03) dv = flv?) d>v = f(v?)v? dodQ, 


where v?=vi+v;+03, and where dQ is the differential 
solid angle. (In polar coordinates d*v= v?dvdQ.) Maxwell 
postulated that the distribution of one component of the 
velocity is independent of the other components. There- 
fore, he set f(v?) = 9(v,)9(%2)9(v3). Introducing the functions 
yp(v;) and g(v?) such that 


log g(v:) = (0) (i = 1, 2, 3) 
and 
log {(v?) = y(v?) , 


we obtain the functional equation 


p(v?) = p(vi + vg + v3) = P(%1) + plz) + p(s) . 
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A solution exists only if y(v?) and y(v;) are linear func- 
tions of v3; that is, 

y(vi) =—avit+ PB or  g(v;) = constant x e-**. 
From this it follows that 


}(v?) = constant x e~*(i+ei+e) — constant x e-**". 


The constant is determined from the normalization fae). 


From 
+o ae 


ei do, = = a d7— Vz, 
Va x 


—-oO 


we obtain 
2 x : —ay! 
f(v?) = (2) Gree, 


Now, «can be determined from the mean square velocity 72, 
since v?= kT/m: 


is 2 li ue 2 
| vieo"dy, — | V;(2av, e~*"1) dv, 
= ee = 2a of 
Se a +0 = 
| el dv, fers dv, 
—@ =i) 


u! . 
2a 4 
hence 

m 

MeT * 

Finally, we obtain 


3 ™m vy? 
joryaee = (9 e (aEe)” qsy 


for the isotropic velocity distribution function. For the 
probability that a molecule has speed v, we obtain 


w(v) dv = [10 Gigs () en aey2 avfao 
2 2 


5 i m 
=i (2) pier dp real ve RE” dy : 
TU 


m 
Pak T 
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This yields the velocity distribution shown in Fig. 25.1. 
The most probable speed is obtained from the relation 
dw(v)/dv = 0: 


1—avi,,=0 or t,=—=. 


w(v) 


Figure 25.1. Maxwell velocity distribution. 


Since the mean square speed is v?= > 0?=3/(2«), we ob- 
tain vy — (2v?/3)*. The average speed 0 is defined by 


v =[» w(v) dv = 47 (=) fe e-rrdy 
0 0 


After two partial integrations we obtain = 2(a)*. There- 
fore, 


We now want to calculate the molecular current J which 
passes across a unit surface area in the a direction. With an 
arbitrary isotropic velocity distribution, the number of mol- 
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ecules with speed v which cross the unit surface area per 
second is 


nv, f(v) dv = nv, fiv)v? dvd, 
where d2Q=2zsin0dd. Therefore, 
m12 oa 

Jice n feosd 2a sind dF | v3f(v)dv = 


0 0) 


Ue 7‘ 
rik 

The Maxwell distribution can be experimentally verified 
with the experiment of Stern. Stern produced a molecular 
beam in a highly evacuated tube. This beam hits a screen 


Axis 


Figure 25.2. Aperture dimensions small compared with the free path. 


at point P. If the tube is now allowed to rotate about 
an axis perpendicular to the molecular beam, then the 
beam is deflected due to the Coriolis force and strikes the 
screen at point P’ instead of at point P. The velocity 
distribution of the molecular beam can be determined from 
the deflection PP’. 


26. MEAN FREE PATH AND COLLISIONS 


We imagine that the gas consists of hard spheres. Then two 
molecules will collide when the center of one comes within 
the interaction sphere of the other. The interaction sphere 
of a molecule is the sphere whose radius is o=2r, twice 
that of the molecule. If we take force centers instead of hard 
spheres, a quantity o can be defined in a like manner; the 
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quantity is velocity-dependent in that case. Let w be the 
relative velocity of two colliding molecules with velocities 
v and v’; and let V be the center of mass velocity of the 


= eae a 
“ce an ‘ 
{ 
if et 
\ 
| S=+7 
\ / 
<a a 
~— Be 
Figure 26.1 


system consisting of these two molecules. Then, under the 
assumption that the two molecules have equal masses, 


Wy, = Ve— Vi (b= 1, 2, 3) 
and 
Vi = 4 (ve + 0%) 


The number of collisions Z per unit time (one second) is 
Z=n20°Wn , 


because all molecules which are in the cylinder drawn 
in Fig. 26.2 collide with a given molecule; w is the average 


Figure 26.2 


value of the relative speed w. The probability that two 
molecules with velocities v and v’, respectively, hit one 
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another is 


{(v, v') dv d3v! = flv?) d20 f(v'2) dv! = (2) eae to 9y Gay", 
t 


If we introduce the velocities w and V instead of v and v’, 
then 
Or = Vit 4 Wk y 
v-+ v2 = 2V2+ hw, 
VE a Vi = 4 W, » 
Because 
O(V:, Wy) _ 
O(ex, Vx) 4 


we have d%vd*v’= d°Vd5w. Therefore, 


{(V, w) dV dew = (2) e-22F 4H G3 day 


and 
f(w*) dw = constant x e 2" dw. 


We then obtain 


fo) ies 
[ros e2 dw 
w = > 
fro e 2” dw 
0 
Since 
ao 
[ore-e""dv 
= 0 
v= ~—_—__ 
Jote-aetdo 
0 
we obtain 


w= V20 


by making the trivial transformation w= V2. If the av- 
erage speed is ¥, the number of collisions is 


Z = nav20°0. 


106 KINETIC THEORY OF GASES | Chap. 5 


In case the masses of the molecules are different, we in- 
troduce the reduced mass pw: 
mm’ 1 


or ee 
Bm m' 


The center of mass velocity V is then 


vo mv, + mv; 
re mn 
and 
WwW; = UV, — Vi . 
Then, 
Loe m' a_i Nya 
Bee a gad g (m+ m')V8 +S we 
and, also, 
O(Viy We) _ 
O(Ve5 Ve) 
Therefore, 
a\? 2 (Rat. v2) 
{(V, w) dV Bw = alee er\a" * 2" / d3y d3y’ 
% (=) ertelmseo tte} d?V dw, 
IG 
and 


ats Sie 
f{(w?) d’w = constant xe * ae "d®w = constant xe =" dew. 


We thus find 


If we define the free path as that distance which a molecule 
traverses without colliding with another, then for the mean 
free path we obtain 


distance vt 


v 
l tn En aa eas 
number of collisions per distance Zt Z  no®n/2 
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The quantity nzo? equals the sum of the collision cross 
sections of all molecules per cubic centimeter. 

Sutherland discussed for the first time the case in which 
the molecules are force centers which attract at large sep- 
arations and repel at small separations. He found 


c 
Cert = Do (1 + +) ’ 


where c>0, for the interaction sphere of a molecule. [See 
S. CHAPMAN and T. G. CowLine, The Mathematical Theory 
of Non-uniform Gases (Cambridge, 1939).] 


27. TRANSPORT PHENOMENA (d > 1) 


Included among transport phenomena are internal friction, 
heat conduction, and diffusion. They are used in the deter- 
mination of the mean free path /. With all of these phe- 
nomena the gradient of some quantity generates a current. 
In the case of internal friction, the gradient of the macro- 
scopic velocity generates a momentum current. In the case 
of heat conduction, a heat current is produced by the tem- 
perature gradient. The concentration gradient generates a 
particle current in the case of diffusion. All of these phe- 
nomena are connected with an integral equation. (See the 
lectures on statistical. mechanics.) 


a. Internal friction (simple special case) 


Between two parallel plates there is a gas, and one of the 


el 


Figure 27.1 
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plates is moved parallel to the other with speed ¢. Let c,(z) 
be the macroscopic velocity of the gas at a distance z from 
the lower plate. The phenomenological theory predicts that 
c,(z) varies linearly with z. Thus, 


ej 4e= o; 
that is, 
Cee. 
Ai d cz 


This theory further states that a shearing stress, which acts 
against the motion of the upper plate, appears along that 


plate: 
ee 
ieeliag lg 


In the general case, there is a stress tensor ” 
Oc; - OG. 3 OCx 


Dik =—N (se 1 a; it 2 dn, 


(be 1, 223)6 
It is easily seen that the trace of this tensor is zero: 
3 
> Pec = 0. 
ond 


Although the rigorous theory is very complicated, there 
is a very simple elementary theory. We shall concern our- 
selves here only with the simplest special case. [For the 
rigorous theory of transport processes, see S. CHAPMAN and 
T. G. CowLinG, Mathematical Theory of Non-uniform Gases 
(Cambridge, 1939).] We decompose the motion of the mol- 
ecules into an ordered (macroscopic) motion and a disor- 


? The experimental check of the numerical value 2/3 in the expression 
(which implies the absence of bulk viscosity) has recently been repeatedly 
undertaken and discussed. See, for example: 

1. 8S. M. Karim and L. ROSENHEAD, Rev. Mod. Phys. 24, 108-116 (1952). 

2. Numerous references in L. ROSENHEAD, Proc, Roy. Soc. A 226, 1-69 (1954). 

3. M, Kowier, Z. Physik 124, 757-771 (1948). 

4, C, TRUESDELL, J. Rat. Mech. Anal. 2, 644—741 (1953), 

The agreement with the value 2/3 is best with monatomic gases. 
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dered motion. Let v be the velocity of a molecule, ec the 
macroscopic velocity of the gas, and u the velocity of the 
disordered motion of a molecule. We have 


vw=ut+e or u=v—c, and u=0. 
In our special coordinate system we have 
U=070,, Uy =Sey, upeD,. 


Let F be a surface element of unit area in the plane z= 2°. 
We want to calculate the amount of momentum trans- 


Figure 27.2 


ported across F per second. The molecular current J trans- 
ported across F (Section 25) is 


J=—U. 


m/s 


First, we consider those molecules which cross #' in the 
+z direction. For our calculation it is sufficient to assume 
that these molecules all come from a layer which is at a dis- 
tance al from F, and that they have acquired a correspond- 
ing macroscopic velocity. (For us a is an undetermined 
factor whose determination requires an exact calculation of 
the distorted distribution of velocities in the molecular 
stream.) The macroscopic velocity in the layer z= 2°— al is 


6) ; 
(Ce) sue*—at = cs — al = With cz (alse. 
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Thus, the molecular current carries an amount of momentum 


= 0c, 
AN) Para = mii (es al a : 
From an analogous consideration we obtain the molecular 


current in the —¢ direction, 


OC, 
(C,)ems°4at = 6, + al = ; 


and the momentum transfer in the —:z direction, 


n , Oc, 
qm (et -+ al a 
Therefore, 
to 1 0c, 
3 mua BS 


is the total momentum carried across F in the -++¢ direc- 
tion. However, this equals the shearing stress, 


itn gj lee ae 
Pa 5 em oe 


which is exerted on /’; from this it follows that 
n= ” miual 
=F ; 


Thus, the kinetic theory of gases can explain the phenom- 
enon of internal friction. Since a rigorous theory exists, 
the above result has only qualitative value, to be sure. 
However, it does turn out that J can be determined from 7. 
Because the free path is inversely proportional to n, 7 is 
independent of n. If we introduce the quantities 


U=2/(na)t, L=1/(nV2n07), and a=m/(2kT7), 
we obtain (M = molecular weight) 


_VkmT —VRTM 
nigt niga, 


| 
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Since o depends on the temperature, 7~+/T cannot be 
taken literally. For the case of hard spheres, a= 0.998; 
that is, a is nearly 1. However, these formulas are not 
restricted to the case of hard spheres. 


b. Heat conduction 


There is a gas between two plates which have tempera- 
tures 7, and 7,. The resulting heat current w is propor- 


gt 


Figure 27.3 


tional to the temperature gradient 


aT T,—T, 
a 


According to the phenomenological theory, 


dT 


im ee 


where x is the heat conductivity. Otherwise, the treatment 
is the same as before. We obtain, since c—0, v=u, 
oi : nva'l = 
— g dz 
(E = energy per molecule). If we introduce the quantity c, 
as the specific heat per unit mass, then 
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from this it follows that 
x= inmva'le,. 


Comparing the expressions for x and 7, we obtain 


! 
4 =—Cyn. 
r n 


In the case of hard spheres, a’/a= 2.5. 


ce. Diffusion 
The particle current per unit area is given by 
) 
i=-Dz, 


where D is the diffusion constant. In a way analogous to 
the previous considerations, we obtain 


D=}a'ul. 
For gas mixtures, 


De = 
D=a" : (MUL, + NUel,) , 


where n=1,+%. 

All of these transport phenomena are independent of the 
density 0. However, the phenomenological theory is invalid 
for very low densities. In our previous considerations we 
tacitly assumed d@>1. However, in the neighborhood of 
the plate, there is always a layer, whose thickness is of the 
order of 1, in which ¢,(z)—Cz/d is no longer valid. Like- 
wise, the calculation of the average velocity is incorrect 
for that-layer. The distribution of velocities is then as 
shown in Fig. 27.4. A better approximation of the velocity 
gradient is then 

tz —«€ 
oz d ay } 
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where y=al and « is a numerical coefficient. Thus y is 
proportional to the free path. In the case of internal fric- 


Figure 27.4 


tion the shearing stresses are then 


For air at one atmosphere and 15°C, al~10-5cm. Anal- 
ogously, in the case of heat conduction we must write 
Ct eee 
dz d+2al’ 


If 1 >d, we arrive at very simple results. Then there are 
practically no collisions of the particles with one another 
to take into account; there are only the collisions with the 
walls. Such a gas behaves like radiation. Heat exchange 
comes about only through collisions with the wall. There 
is no longer a temperature gradient. Then, 


Uw = —F(2.— T,)~—a'cyou(T,— To) ig 


The heat current is proportional to the density, but is inde- 
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pendent of the separation of the plates. Knudsen carried 
out such experiments, which require a very high vacuum 
and very fine capillary tubes. 


28. TRANSPORT PHENOMENA (I> d) 


a. Diffusion through holes and pores 


Let a gas-filled volume be divided into two parts by a 
wall. In the wall let there be an opening whose linear 


Figure 28.1 


dimension is of the order of d. When d>1 and p,= p., 
there is no mass current through the opening. However, 
if d<l, then there is no mass current under the condi- 
tion that 

(nd), = (NB). 


Because 1~ V/ T and n~o, this condition can be rewritten as 
OM i On } 
or, because p~oT, it can also be expressed as 
jee IS 
VT, ae 
b. Heat conduction at low pressures 
Let us again consider the case of two plates at different 
temperatures 7’ and 7”, now for the case d<l. Here, we 
need only consider the collisions with the plates and we 


can neglect the collisions between the molecules. We still 
must make an assumption concerning the energy exchange 


(condition for no mass current). 
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between the plates and the impinging molecules. We make 
the assumption that the energy which a molecule has fol- 
lowing a collision with a plate is that which is determined 


vi 7" 


Figure 28.2 


by the temperature of the plate. Therefore, the energy 
with which it hits the plate is not important. This ideal 
case is called ‘‘complete accommodation.’’ Of the molecules 
which leave the plate (at temperature 7') per unit time and 
per unit area, the fraction having velocity component »v, is 


v, f(v,) dv, = constant x v, e~*"! dv, . 


The value of the constant, determined by the normaliza- 
tion forf(o,)do,=1, is 2a. The probability w(v,)dv, that 
a molecule leaves the plate at temperature 7 with velocity 
component v, is 


w(v,) dv, = 2av, env! dv, ° 


Analogously, the probability w’(v,)dv, that a molecule 
leaves the plate at temperature 7’ with velocity compo- 
nent v, is 

w'(v,) dv, = 2a'v,e-** dv, . 


A molecule with velocity component v, traverses a distance d 
in time d/v,. Calculating the average value of this time, 
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s-3({E« w(%) jan |e '(Y) av.) 
oe 


where 1/y is the average time which a molecule needs in 


we obtain 


order to traverse a distance d. Thus »v is the number of 
distances d that a molecule traverses per second. We can 


now write 
i r : r ie tee ee = 
3 d { foc dv, + | a’e- “an =5VA(ve + +/a') 
0 0 
or 
= 2 
dV aa Ve)” 


We now want to calculate the average heat transport 
per molecule emitted in the direction from (7) toward (7"). 
The distribution functions for the individual velocity com- 
ponents are 


2 a $ 2 a t 2 
2av,e- dv, , —| edv,, and —| ee" dv, . 
% Tt 


Since a molecule carries an amount of energy 4mv?-+£,, 
where LH, is the average internal energy (rotational energy), 
we obtain 


+o +0 +0 


ae | 


v,-0 -o —2 


(04 
X 2av,e-** dv, (2) e-*rie—4¥3 dy, dv, 
qt 


for the average heat transport per emitted molecule. In 
order to evaluate this integral, the following integrals are 
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necessary : 


o o 


| Qavze-*t dv, = | 2v,e-* dv, = - 
a 
0 0 
+c 


vier dy, = (2 : aa : 
a} 2a 


In this way we obtain the following values for the heat 
transport per emitted molecule: 


+B, in the direction from (7) toward (T’), 


~ + Bi in the direction from (T’) toward (T) . 


A molecule traverses a distance d on the average » times 
per second and, indeed, »/2 times from (7') toward (T’) 
and »/2 times from (T7’) toward (T). Therefore, a molecule 
transports an amount of heat 
oe a 

per second from (7) toward (T’). Since there are dxn 
molecules per unit area between the two plates, the amount 
of heat transported per unit area per second is 


Ao ane (™ — ~ +4,-F) 


n il mm -— i 
—_— es a. —— — f - 
avEnvals a’ 2h ) 


As was noted earlier, the separation of the plates drops out. 
Since EY, = mv?/2 and 22=1/2« > v? =3/2a, it follows that 


m 4. 
yg inn: 
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Therefore, we can write 


ee n a (5 


~ Bin + E , as [5 Bla + zi 


VA Va+ fa! 
or, instead, 
n 1 4 dBi in dz, t 
~~ /t yatvVats at ss ip |(2-2). 
We define x - 
C a dEixin dH; 
"m| aT ' af 


to be the specific heat per unit mass. According to thermo- 
dynamics, we have 


C,—C, =f 


per mole; therefore, per unit mass, 


Because of this 


opt Op = 2 (t eae, ae 
a TS no ae ae? 
and we have 


As a result of 


nm = and J eee 
= ~ = OkT 2RT 2pv 2p’ 


we have? 
oe —T' 
eT / e+ / at (Cp+ er)(T Te) 


~ sey glotot-2, 


sea /Btaten T—T'). 


8 For the general case, see H. A. LORENTZ, Lectures on Theoretical Physics, 
Vol. I: Kinetical Problems (Macmillan, London, 1927). 
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c. Flow through a tube at low pressures 
Again let 1 >a, in order that we can regard the particle 


Figure 28.3 


motion as radiation. The surface element do radiates 
A pcos do dQ 


toward Q [A-13], where d2Q= sind dddg. Thus, do radiates 
upward: 


2n 
A, [ap sind eos a8 do Amara .. 


This is A, per unit area of do, which must equal the 
molecular current per unit area in the x direction. That is, 


Because 


it follows that 


~ ma a 2202 
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Here, as in photometry [A-13], 
Agcos? dodQ2 = A,cos® do’ dQ’ 
applies to the mutual irradiation of two surface elements. 
However, 
Ag= Ap— QQ. — ’ 


and, because QQ,= PQ cos? = rcot?, 


dA 
Ag= Ap—recotd ae 


Therefore, the radiation from Q toward P is [A-13] 


cos? # 


oo dodo 


Agcostdod2 = ApcosPdodQ—r 


={4, cos? sin? dd dg — r cos? 3 dd dy m do 


Integration over 2 yields [A-13] 


2n 


dApz 
— Fa 5 Ao fray 


integration over the cross section yields 


for the current. If the cross section is spherically sym- 
metric, we obtain 
2n 
i 16 
[ac frdg == na*, 
2 o 0 
and therefore 


de 3 da 3m ¥ 203° 
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For J,,, the mass current, we obtain 


J. — — oP 80° 3x 
"da 3 V 203° 
Comparing this formula with Poiseuille’s formula, 


_ __ dp wate 
om eS 7H 
we obtain 


Tn 
— = constant x La 
J, a 


29. VIRIAL CONCEPT 


Let force K; act on a particle of mass m,;. For an arbi- 
trary number of particles the virial is defined as 


w= Dare. 


If } K;=0, then it does not matter which point is chosen 
as the origin of the coordinate system. Since K,= m,x,; and 
5 d : - 
Tip 1, a (%,°%;)— ,% , 
therefore 


w= Sm. F(x) — Sms, 


Because the time average as well as the statistical average 
of an exact differential vanishes, we have 

d . 

= HX; = 0 

dt ( ) ) 
as long as x and « are always finite. Therefore, 

w= — > m;xi 


or 
w+>m,vj=0 (virial theorem) . 
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30. APPLICATIONS 


a. Ideal gases 
In the case of an ideal gas in a volume V, x and x are 
always finite. Per mole, 


> m;v? — hee == les « 


This expression is also correct if forces are assumed to act 
between the molecules. The virial of the pressure forces 


Figure 30.1 


in the case of a cube is 
w=—3pv. 


This relation is valid for volumes of all shapes. For a cube 
the force on one side is 


K =—pa. 


However, since for three of the sides x«-K=aK, and for 
the other three sides «-K=0, therefore 


w = — 3pa' = — 3pv. 


For a volume of arbitrary shape the virial can be cal- 
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culated by means of Gauss’s law: 


w=— cp =-maj ~~ pf (divs) dv = —3p| av = — spo. 


surface v © 


If no other forces need be considered, then per mole, 
—3pv+3RT=0 or pv=RT; 


that is, we obtain exactly the ideal gas equation. 


b. Real gases (Correction to the ideal gas equation) 

Let there be forces between the molecules. Let the po- 
tential of the central forces be U(r), and let it be so nor- 
malized that U(co)=0. The forces K, between two mol- 
ecules are 


dU x 
K, = — grad U(r) =>— ap me 
where 
r=|x| and x=42,—2*, 


for r>o, where o is again the interaction sphere. Forr<o, 
we can set U(r)|=oo. The virial for the pair of molecules 
is then ae 


In order to obtain the virial for the interaction of one mol- 
ecule with all others, we must integrate from o to co. The 
volume element is 4ar?dr and there are L/v molecules per 
cubic centimeter. (LZ is Avogadro’s number, and v is the 
molar volume.) The result is 


= [Ge rier. 
» } dr 


In obtaining this result it was assumed that the particles 
interact only pairwise; that is, there are to be no many- 
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body forces. Since there are LZ molecules per mole, we 


obtain 
=— z/% — 4nredr 


as the virial for a mole. The factor 4 appears because we 
have counted each pair of molecules twice. By partial 
integration we obtain 


@o Ip 
w= ani 3f vin 72 dr + is 


o 


oa U(a). 


Introducing the abbreviations 


oO 


221? 
Oe —— ao U(o) and = a=— zala[ U(r ple , 


we then obtain 


6. Virial for the collision forces 

The change in momentum of the two molecules contrib- 
utes 20mw, to the virial per collision, where w is the relative 
velocity of the colliding molecules. Since, for a given vec- 
tor w, ao?wy:n molecules collide per second with a given 


Figure 30.2 
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molecule, the virial is 
26MW yn? Wy 
per molecule. The time average of this is 
27no mw? . 
Since mw? =2kT, the virial per mole is 


L 
w= —Ano*nkT = 2n0°nRT (L/2 pairs of molecules) . 


Substituting n= L/v into this relation, we have 
3 
(=o ae 
v v 


where b= 270°L/3 equals half of the total volume of all 
interaction spheres in a molar volume. 


d. Generalized barometer formula 
Let the potential U(r) be represented as 


Then, 


SL du(r) : 
w= — 5 fae Ae 4nr3 dr 


co 


= ae a oF Tar, 
v dr 


0 


Performing a partial integration, we obtain 


w= ae fra [ear — 1] 


0 
u(r) 


_ ele TP {[ (er : 1)]--- fete = 1] ar| : 
0 


v 
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Defining 
eo 
un 
A(T) = 2nD*kT |r? [e  —1] dr, 


0 
we can write 


Seas 
v 


For the equation of state we thus obtain 


3RT — 3pv pee 0 


A(T) = By ith 
p+ lo= Rr, a 


The potential U(r) has the form shown in Fig. 30.3, with 


(o = molecular diameter) 


Figure 30.3 


the boundary conditions U(r)|=co and U(r)|=0. These 
conditions imply a pe 

: Cece re el for r>o, 
and 


(ec #?—1)~—1 for r<o. 
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We have defined 


AT) == 2aleeD |r dr — 2al*|r u(r) dr ; 
0 oe 
if we further define 
a= — al |r u(r) dr BD ages 


oa 


then we can write A(T)=a—bRT. Therefore, we have 


RT ORT _ ET 
p+i=——+4 = (1+3) 


ee) v2 


which is an approximation to the van der Waals equation, 


Gb ke 
PS ob ae _" a+ (5) + i} 
Empirically one finds a>0; that is, for r>>o, we have 
U(r)<0, which implies attraction between the molecules. 


The radius of the interaction sphere o can be estimated 
from these formulas and from the formulas for the free path. 
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Appendix. Comments by the Editor 


[A-1] (p. 2). What is meant here is thermodynamic equi- 
librium in contact with another system at fixed temperature 
(reservoir). 


[A-2] (pp. 2, 5, 25, 29, 34). Actually, there are n rela- 
tions (equations of state) which may also be written as 
Y:=Yi(X1,...,0n,t). Herein addition ¢=2,;,—constant. An 
example with n= 2 is given on p. 29: Solving the equation 


of state of each subsystem for ¢ yields F(p, V, p, V) 
=p, V)—t(p, V)=0. 


[A-3] (pp. 3, 21). Observation of the variation of tem- 
perature ¢ by variable contacts with two reservoirs at dif- 
ferent temperatures ¢, and #, tests the monotony of the scale 
between ¢, and #,, but the sign of t,—t, is not determined. 
Indeed, this sign defines the direction of the heat flow ac- 
cording to the second law. 


[A-4] (p. 11). Here Eq. [7.2] is meant to be taken at pp. 


[A-5] (pp. 12, 35, 37). In the following a quantity of 
substance of 1 mole or, as in Section 3, of 1 g should be 
considered. 


[A-6] (pp: 21, 24, 33). The thermodynamic temperature 
scale is determined only up to a factor of arbitrary sign. 
The choice of the positive sign is a convention. Within 
this convention negative temperatures are uncommon al- 
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though not inconceivable, as demonstrated by the work of 
Pound and Purcell, Phys. Rev. 81, 279 (1951), on mag- 
netic population inversion, and that of Ramsey quoted on 
p. 25. 


[A-7] (p. 22). Actually, Q,=0 by construction, since the 
coupling of the cycle to the reservoir at 7, was only an 
artificial (and even unnecessary) device. 


[A-8] (pp. 24, 34). On p. 23 it was proved that the en- 
tropy of a closed system cannot decrease. But here allu- 
sion is made to the arbitrariness of the sign of thermo- 
dynamic temperature (see [A-6]). 


[A-9] (p. 30). This should read quasi-static adiabatic. For 
only in this case are the y, in }W well-defined functions of 
Hy, +-->%n,t. Note that the existence of at least one quasi- 
static path between any two points 1, 2 in state space is 
assumed here as well as on p. 23. 


[A-10] (p. 45). From the free energy the stable isotherms 
can be determined without making use of these unstable 
states [see, e.g., K. HUANG, Statistical Mechanies (John 
Wiley & Sons, Inc., New York, 1963), Fig. 2.11]. 


[A-11] (pp. 61-72). This part from here to the end of 
Section 17 is an insertion into the second German edition 
of a manuscript written by Pauli in 1958 and which served 
as a basis for Pauli’s paper in honor of J. Ackeret, Z. angew. 
Math. Phys. 9b, 490 (1958). This paper is noteworthy 
for being Pauli’s last published work [see ‘‘Bibliography 
Wolfgang Pauli’? by C. P. Enz in Theoretical Physics in 
the Twentieth Century, a Memorial Volume to Wolfgang 
Pauli, edited by M. Fierz and V. F. Weisskopf (Inter- 
science Publishers, Inc., New York, 1960), and in Col- 
lected Scientific Papers by Wolfgang Pauli, edited by 
R. Kronig and V. F. Weisskopf (John Wiley & Sons, Inc., 
New York, 1964)]. The footnotes on pp. 64, 78 have 
been inserted at the same time. 
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[A-12] (p. 98). Actually, this result follows from Eq. [24.1] 
for a surface F chosen parallel and infinitesimally close to 
the wall W and for stationary conditions. 


[A-13] (pp. 119, 120). Here d2 and dQ’ are the elements 
of solid angle through which the surface elements do’ and 
do are seen from P and Q, respectively, ie., (PQ)?dQ 
=cos0'do', (PQ)?dQ’—cosddo. [This is the same situa- 
tion as in Section 4 (photometry) of the volume Optics and 
the Theory of Electrons of this series.] The radiation 
from Q toward P is by definition A, cos?’do’dQ’. Inte- 
gration of this quantity on p. 120 is over the full solid 
angle 2, and not just over the upward half as on p. 119. 
Therefore the term A, cos? sin? dddgde integrates to zero. 
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ideal gas, 4, 58 
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Chemical process, 53 
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Compensating changes, 17, 18, 20, 
Mehl, PB} 
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Compressibility, 79, 81 

Concentration, 60, 65, 67 
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heat, 89, 111] 

Coriolis force, 103 

Critical point, 45 

Critical pressure, 45 

Critical temperature, 45 

Critical volume, 45 

Curie’s law, 68 
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heat, 107, 111, 113 

mass, 114 

molecular, 9, 102, 103, 109, 110, 119 

momentum, ]07 

particle, 107, 112 

Cyclic process, 7, 21, 42, 55, 61, 62, 
71 
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Electrical conductivity, 89 
Electric current, 87 
Emf, thermal, 87-89 
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Entropy constant, 39, 91 
Equation of state, 36, 126, 130 
adiabatic, of ideal gas, 14, 38 
Equilibrium, 
chemical, 65 
stable, 84 
thermal (thermodynamic), 2, 29, 
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hydrostatic, 63-71 
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for stable equilibrium, 83 
in van’t Hoff box, 56, 57 
Euler relation, 74, 75 
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First law of thermodynamics, 5, 6, 
30, 36, 43 
First variation, 73-83, 84 
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Free energy, 34 
equilibrium condition for, 73 
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Freezing point, changes of, 82 
Friction, internal, 18, 107, 110, 113 
Functional equation, 100 
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mixtures of, 45-48, 49, 112 
monatomic, 99, 108 
polyatomic, 99 
triatomic, 99 
Ganuss’s law, 123 
Gauss’s theorem, 97 
Gibbs, J. Willard, 64, 78 
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equilibrium condition for, 73 
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in magnetic field, 62 
of mixture (of ideal gases), 76 
Gibbs’s paradox, 47-48 
Gibhs’s relation, 75 
Gibbs’s variational method, 72-73, 
78 
Gram-atom, 61, 62, 65, 68 
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Gravitational field, 49, 78 


Hard sphere (gas), 95, 103, 111, 112 
Heat, 3, 4, 7 
mechanical equivalent of, 6, 14 
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Heat conducting walls, 28, 29, 30 
Heat conduction, 3, 17, 20, 29, 31, 
107, 111-113, 114-118 
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Heat current, 107, 111, 113 
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Heat transfer, ] 
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Ideal gas, 10, 38, 58, 63, 72, 77, 83 
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entropy of, 38, 93 
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Integral equation, 107 
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Intensive quantities, 5 
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Internal energy, 6 
for ideal gas, 40 
Internal friction, 18, 107, 110, 113 
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Irreversible process, 17, 18, 23, 70 
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14, 19, 55 
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Kinetic energy, 94, 95, 98 
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Knudsen, M., 114 
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Legendre transformation for the 
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Macroscopic velocity, 108, 109 

Magnetic field, 5, 61 

Magnetization, 5, 61 

Mariotte. See Boyle and Mariotte, 

law of 
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Mass current, 114 
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Maxwell, J. C., 94, 100 

Maxwell distribution, 102 

Mean free path, 106, 107 

Mean square velocity (speed), 101, 

102 

Mechanical equivalent of heat, 6, 14 

Melting, 16, 41 
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54, 69, 76, 78 

Mixing process, 4, 47 

Mixtures, gas, 45-48, 49, 112 

Molar volume, 11, 38 

Molar weight, 15, 50 

Mole number, 11 
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Molecular current, 9, 102, 103, 109, 

110, 119 
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Molecular weight, 75 

Momentum, 95, 97, 109, 110 

Momentum current, 107 

Momentum tensor, 96 

Momentum transfer, 110 
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ordered, 108 

translational, 99 


Nernst’s heat theorem, 90—93 
Planck’s generalization of, 91 
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Normal form of a differential 
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moles, 45 
reactions, 53 
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Ordered motion, 108 
Osmotic pressure, 78-82 


Partial pressure, 45, 50, 62, 65, 67, 
72, 76 
Particle current, 107, 112 
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adiabatic, 30 
independent (integral), 7, 9, 22 
quasi-static, 23, 131 
Peltier constant, 87 
Peltier effect, 87 
Peltier heat, 88 
Perpetual motion machine 
of the first kind, 7 
of the second kind, 18, 19 
Pfaff, J.F., 9 
Pfaff’s linear differential form, 25, 
26, 27 
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Photometry, 120 
Planck’s generalization of Nernst 
theorem, 91 
Poiseuille’s formula, 121 
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of central forces, 123 
chemical, 74, 75 
thermodynamic, 62 
Potential energy, 70, 77, 95 
Pound and Purcell experiment, 131 
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critical, 45 
of ideal gases, 95 
osmotic, 78-82 
partial, 45, 50, 62, 65, 67, 72, 76 
vapor, 42, 45 
Pressure tensor, 97 
Probability distribution of velocity, 
101, 115 
Probability of state, 94 
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cyclic, 21, 24, 42, 44, 55, 61, 62, 71 
irreversible, 17, 18, 23, 70 
isobaric, 37 
isothermal, 18, 37, 41, 53 
quasi-static (slow), 17, 18, 21, 24, 
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rapidly occurring, 23, 24, 34 
reversible, 17, 53, 65, 69, 87 


Quantum theory, 48, 93 

Quasi-static changes of state 
(processes), 7, 17, 18, 22, 24, 29, 
31, 37 

Quasi-static cyclic processes, 21, 24 

Quasi-static path, 23 


Radiation, 113, 119, 120, 132 
Rameey, N. F., 25, 131 
Rapidly occurring processes, 8, 23, 
24, 34 
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chemical, 53, 56, 61, 64, 65, 69, 74 
heat of, 57, 60 
Reaction equation, 56 
Reaction products, 61 
Real gases, 123 
Reduced mass, 106 
Relative velocity, 104 
Reservoir, heat, 3, 8, 19-24, 54, 71, 
77, 130, 131 : 
Resistant groups (in chemical 
reaction), 53 
Reversible process, 17, 53, 65, 69, 
87 
Rotational energy, 99 


Second law of thermodynamics, 13, 
17, 18, 36, 43 
Carathéodory’s formulation of, 33 
Clausius’s formulation of, 17 
mathematical formulation of, 25 
Thomson’s formulation of, 17—18 
Second variation, 73, 83-86 
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45, 49, 54, 69, 76, 78 
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Shearing stress, 108, 110, 113 
Solids, 94 
Solute, 78 
vapor of, 79 
Solutions, 78, 81 
Solvent, 78, 81 
vapor of, 81 
Sound, 
propagation of, 14 
speed of, 15, 100 
Specific heat, 4, 12, 99, 111, 118 
at constant pressure, 12, 35, 38, 68 
at constant volume, 12, 35, 37 
for ideal gas, 13-15 
for polyatomic gases, 99 
Speed of sound, 15, 100 
Stability condition, 85 
Stable equilibrium, 84 
Stable state, 73 
State, 
change of, 5, 7, 8, 14, 54 
equation of, 36, 130 
equilibrium, 85 
function of, 7, 22, 23, 35 
gaseous, 15, 44 
liquid, 15, 44 
probability of, 94 
stable, 73 
unstable, 44—45, 61, 13] 
Statistical average, 12] 
Statistical methods, 24, 87, 89 
Stern’s experiment, 103 
Stokes’ theorem, 9 
Stress, shearing, 108, 110, 113 
Stress tensor, 108 
Subsidiary conditions, 84, 85 
Substance, 
anomalous, 2 
homogeneous, 12, 25, 31, 35-36, 
37, 83, 84 
normal, 2 
Supercooled vapor, 44 
Superheated liquid, 44 
Surface area, 5 
Surface tension, 5, 82 
Sutherland, 107 
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System, 
closed, 1, 8, 34, 73. See also 
Jsoenergetic system 
homogeneous, 2. See also Phases 


Temperature, 1-3 
critical, 45 
negative, 25, 130-131 
Temperature gradient, 107, 111 
Temperature scale, 
absolute, 11, 38 
Celsius, 11 
of ideal gas, 10, 38 
monotonic, 3, 130 
thermodynamic, 21, 33, 38, 130 
Tensor, 
momentum, 96 
pressure, 97 
stress, 1 
Thermodynamic equilibrium, 2, 99, 
130 
Thermodynamic function 
(potential), 23, 36, 62, 72 
Thermodynamic potential, 62 
Thermodynamic temperature, 33, 
130 
Thermodynamic variables, 1, 2 
Thermoelectric problems, 87-89 
Thomson, W. (Lord Kelvin), 17, 
24, 31 
Thomson effect, 87, 88 
Thomson relation, 89 
Time, 1 
average, 12] 
average, for traversing distance d, 
116 
direction of, 17 
Transfer, 
heat, 1 
momentum, 110 
Transformation, 
heat of, 15 
monotonic, 3, 4 
Translational energy, 99 
Translational motion, 99 
Transport phenomena, 107-121 
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Van der Waals equation, 127 
Van’t Hoff box, 53, 61 
equilibrium condition in, 56, 57 
Vaporization, 15 
Vapor pressure, 
of solute, 80 
of solvent, 81 
above spherical surface, 82-83 
Vapor pressure change because 
of impurities, 81 
Vapor pressure curve, 42, 44 
Variation, 
first, 73-83, 84 
second, 73, 83-86 
Variational method, Gibbs’s, 
712-73, 78 
Velocity, 
average (speed), 102, 105, 112 
center of mass, 106 
of disordered motion, 109 
macroscopic, 108, 109 
mean square, 101, 102 
relative, 104 
Velocity distribution, 
distorted, 109 
isotropic, 98, 100, 101 
Velocity gradient, 112 
Virial, 
for collision forces, 124 
definition of, 121 
for pressure forces, 122 
of real gases, 123 
Virial theorem, 121 
Virtual change of state, 72 
Viscosity, bulk, 108 
Volume, 5 
critical, 45 
molar, 11, 83 


Walls, 
adiabatic, 8, 28, 29 
heat conducting, 28, 29, 30 
semipermeable, 46, 49, 76 
Work (mechanical), 
done (by a system), 5, 47, 51 
in van’t Hoff box, 54, 55, 58, 60 
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“Wolfgang Pauli was a great theoretical 
physicist who made many major con- 
tributions to the formulation of the 
key concepts of present-day theoreti- 
cal physics. It is therefore of consider- 


_ able interest to see his approach to the — 


presentation of these concepts through 
the various lecture courses he gave to . 
students at the Swiss Federal Institute 
of Technology in Zurich. The books 
reviewed here are excellent transla- 
tions by S. Margulies and H. R. Lewis 


of lecture notes taken by different stu- 


dents and collaborators of Pauli. The 
notes have been carefully edited by 
__C.P. Enz who provides a preface and 


an appendix to each volume. ...A ae 


_ foreword to this series of books by — 

_ Victor Weisskopf sets out the rationale 

: for this publication of notes of lec- 
‘tures, which, it must be recognized, 


__ were in general given more than twenty 


years ago. Briefly, Weisskopf says tha 


ON | WN 


Gszee 43 


a7ee 


never out of date,’ his style ‘is com- 
mensurate to the greatness of its sub- 
ject in its clarity and impact’ and his 
lectures ‘show how physical ideas can 
be presented clearly and in good 
mathematical form, without being 
hidden in formalistic expertise.’ There 
can be no argument with these views. 
. There is no doubt that the books 


_ could provide excellent ‘additional 


reading’ and would be particularly 
valuable for the well- -motivated and 
enthusiastic student. Equally they 
could provide a good basis for optional 
courses in theoretical physics either 
for physics- or mathematics-based 
undergraduates. Together they are a 
remarkable testimony to the elegance 
of Pauli’s approach to physics, his 


powers of exposition and his pene- 
_ trating insight. | should certainly wish 


to associate myself with the con- 
cluding sentence of Weisskopf’s fore- 
word—‘’May these volumes serve as an 


_ example of how the concepts of 


theoretical physics were conceived and 
taught by one of the great men who. 
created them.’ ""—Nature 
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